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Constrained Optimization with
Decision-Dependent Distributions

Zifan Wang, Changxin Liu, Thomas Parisini, Michael M. Zavlanos, and Karl H. Johansson

Abstract—In this paper we deal with stochastic optimization
problems where the data distributions change in response to
the decision variables. Traditionally, the study of optimization
problems with decision-dependent distributions has assumed
either the absence of constraints or fixed constraints. This work
considers a more general setting where the constraints can
also dynamically adjust in response to changes in the decision
variables. Specifically, we consider linear constraints and analyze
the effect of decision-dependent distributions in both the objec-
tive function and constraints. Firstly, we establish a sufficient
condition for the existence of a constrained equilibrium point,
at which the distributions remain invariant under retraining.
Moreover, we propose and analyze two algorithms: repeated
constrained optimization and repeated dual ascent. For each
algorithm, we provide sufficient conditions for convergence to
the constrained equilibrium point. Furthermore, we explore the
relationship between the equilibrium point and the optimal point
for the constrained decision-dependent optimization problem.
Notably, our results encompass previous findings as special cases
when the constraints remain fixed. To show the effectiveness
of our theoretical analysis, we provide numerical experiments
on both a market problem and a dynamic pricing problem for
parking based on real-world data.

Index Terms—Constrained optimization, decision-dependent
distributions, dual ascent algorithms

I. INTRODUCTION

Machine learning algorithms typically use historical data
under the assumption that these data adequately reflect future
system behavior. However, in many settings, decisions made
by machine learning algorithms will influence behavior of the
system and lead to changes to the data distribution. For exam-
ple, in dynamic pricing problems for parking management [1],
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[2], the users may adjust their decisions on whether and for
how long to park, causing modifications in the distributions of
future data. This phenomenon appears in numerous applica-
tions, such as online labor markets [3], predictive policing [4],
and vehicle sharing markets [5]–[7], where strategic users react
to changes of decisions and make adjustments accordingly.

To account for distribution shifts in the data in response
to decisions influenced by machine learning models, new
frameworks under the name of performative prediction or
optimization with decision-dependent distributions have re-
cently been developed [8]. Specifically, the term “performative
prediction” was coined in [8] to illustrate the phenomenon
that predictive models can trigger reactions that influence the
outcome they aim to predict. This framework also incorporates
a theoretical analysis that relies on defining a distribution map
that relates decisions to data distributions and associating this
map with a sensitivity property that employs the Wasserstein
distance metric.

Many optimization problems with decision-dependent dis-
tributions also involve constraints that are themselves also
influenced by the decisions. For example, in dynamic pricing
for parking management problems, the total parking time, as
a strategic feature in response to the change of the price (de-
cision), makes the constraints decision-dependent if the total
parking time plays a role in defining the constraints. Motivated
by such scenarios, in this paper we investigate constrained op-
timization with decision-dependent distributions affecting both
the objective function and constraints. Specifically, we con-
sider linear constraints that depend on the decision variables
and introduce two notions of solution points: the constrained
equilibrium point and constrained optimal point. Assuming
that the distribution maps in both the objective function and
constraints are insensitive, we show that the constrained equi-
librium point is unique and repeated constrained minimization
(RCM) converges to this unique equilibrium point. Notably,
when the distributions in the constraints are independent of
the decisions, the sufficient condition for convergence of RCM
reduces to that for repeated risk minimization in [8]. As
RCM requires the exact solution of a constrained optimization
problem, we relax this requirement and propose the repeated
dual ascent (RDA) algorithm. We show that convergence of
RDA to the constrained equilibrium point is guaranteed under
more restrictive conditions compared to RCM. Additionally,
we present convergence analysis for both RCM and RDA when
only the constraints are decision-dependent and the distribution
in the objective function remains fixed. Finally, we analyze
the relation between the constrained equilibrium points and
the constrained optimal points. Under mild conditions, we
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show that the distance between these points can be bounded.
This result also encompasses the case when the constraints are
fixed, as explored in [8]. To validate our theoretical analysis,
we present numerical experiments on a market problem and a
dynamic pricing problem for parking management that utilizes
an open-sourced dataset.

To the best of our knowledge, constrained optimization with
decision-dependent constraints has not been explored in the
literature. Most closely related to our study is the vast literature
on optimization with decision-dependent distributions that
exclusively occur in the objective function [7]–[18]. In this
context, there are no constraints or the constraints remain fixed
throughout the optimization process. Among these works,
the authors in [8] first provide a comprehensive framework
for handling decision-dependent problems. Specifically, they
define the equilibrium and optimal points, and show that
repeated risk minimization and repeated gradient descent con-
verge to the equilibrium point when the distribution map is
less sensitive. Moreover, under certain conditions, [8] shows
that the distance between equilibrium and optimal points
can be bounded. In the case that only stochastic gradient
is available, the work in [9] studies stochastic optimization
problems with decision-dependent distributions and proposes
two variants of the stochastic gradient method that converge
to the equilibrium point. The follow-up work in [10] focuses
on directly optimizing the performative risk and proposes
algorithms to find the optimal point. Subsequent works have
extended this framework to different scenarios. For example,
[7] investigates multi-agent games with decision-dependent
distributions and analyzes the convergence to the Nash equi-
librium in strongly monotone games. Similarly, [19] defines
performative equilibrium equilibrium in multi-agent networked
games and analyzes convergence to this equilibrium. How-
ever, common in all the above works is that there are no
constraints or the constraints are fixed. The introduction of
decision-dependent constraints adds significant complexity to
the optimization process, as these constraints now adapt to
the decisions made, necessitating the development of more
sophisticated techniques in the dual domain.

Related to our work is also the literature on optimization
with time-varying constraints [20]–[23]. The reason is that
when the decisions change during the optimization process,
the constraints become effectively time-varying and impact
the feasible solution space and further the optimal solution.
The work in [20] derives a quantitative bound on the rate
of change of the optimizer when the objective function and
constraints are perturbed concurrently. This bound is then
used to quantify the tracking performance for continuous-
time algorithms in time-varying constrained optimization. In
the context of optimization with decision-dependent distri-
butions, all existing works assume static constraints, with
the exception of [24]. In [24], the authors consider online
optimization with decision-dependent distributions where the
objective function and constraints vary over time, leading to
time-varying equilibrium points. They propose a projected
gradient descent method and demonstrate its ability to track
the trajectory of the evolving equilibrium points. However,
all works discussed before, including [24], do not leverage

the crucial information that the perturbations in the objective
function and/or constraints are induced by the changes in
the decisions. As a result, the techniques presented in these
works cannot be used to analyze optimization problems with
decision-dependent constraints as the ones considered here.

The paper is organized as follows. In Section II, we for-
mulate our problem and provide some preliminary results.
In Section III, we propose two algorithms and analyze their
convergence to the constrained equilibrium point. Section IV
analyzes the relation between the constrained equilibrium and
optimal points. Section V provides the numerical validation of
the proposed algorithms for a market problem and a dynamic
pricing problem for parking management. Finally, concluding
remarks are given in Section VI.

II. PROBLEM SETUP

In this section, we formulate the problem and provide some
preliminary results. Throughout the paper, we let Rn denote
n-dimensional Euclidean space with inner product ⟨·, ·⟩ and
2-norm ∥·∥. We equip Rn with σ-algebra. For a matrix A ∈
Rm×n, we denote by ∥A∥2 the maximum singular value of
the matrix A.

A. Main Definitions

Consider the following linearly constrained optimization
problem:

min
x

E
z∼D(x)

[l(x, z)]

s.t. Gx ≤ E
w∼Dg(x)

[w], (1)

where x ∈ Rn is the decision variable, G ∈ Rdw×n is a
matrix associated with the linear constraint, and z ∈ Rdz and
w ∈ Rdw are the random variables in the objective function
and constraint, respectively. We assume that the loss function
l : Rn×Rdz → R is twice continuously differentiable in (x, z).
The random variable z follows the distribution D(x) that
depends on the decision variable x, where D is the distribution
map from Rn to the space of distributions. In addition, we
assume that the constraints are decision-dependent, i.e., the
random variable w depends on the decision variable through
the distribution Dg(x), where Dg is the distribution map from
Rn to the space of distributions. Let z and w take values
in the metric spaces Z and W , respectively. We assume
that suitable Borel measurability conditions hold so that the
expected value operators E

z∼D(x)
[·] and E

z∼Dg(x)
[·] are well-

defined, hence implying that the minimization operations are
well-defined. We define the solution points below.

Definition 1. (Constrained Optimal Point). A vector xo is
called a constrained optimal point if it satisfies

xo = arg min
x

E
z∼D(x)

[l(x, z)]

s.t. Gx ≤ E
w∼Dg(x)

[w].

A constrained optimal point solves the problem (1), but is
usually hard to compute since the distribution maps D and
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Dg are generally unknown to the decision maker. Therefore,
we introduce an alternative solution point below, which can
be regarded as a fixed point of a repeated training process.

Definition 2. (Constrained Equilibrium Point). A vector xs is
called a constrained equilibrium point if it satisfies

xs = arg min
x

E
z∼D(xs)

[l(x, z)]

s.t. Gx ≤ E
w∼Dg(xs)

[w].

The equilibrium point defined in Definition 2 denotes a
class of points, not necessarily optimal for (1), that solve the
constrained optimization problem using the distributions they
induce. It is also referred to as a stable point in [8].

In this work, we make the assumption that a constrained
optimal point exists for (1), which is a commonly accepted
assumption in decision-dependent optimization and linearly
constrained optimization problems. Furthermore, our analysis
of two optimization methods will demonstrate the existence
of equilibrium points under certain conditions on the loss
function and the distribution map.

Our goal is to solve problem (1) by first determining the ex-
istence and uniqueness of constrained equilibrium points and
next developing algorithms that converge to the constrained
equilibrium points. Moreover, we aim to explore the relation
between the constrained equilibrium points and the optimal
points.

B. Key Assumptions and Preliminary Results

The distribution maps in (1) play a crucial role in deter-
mining how the distributions respond to changes in decisions.
In order to upper bound the rate of change at which the
distributions change, we impose a Lipschitz condition on the
distribution map, known as ϵ-sensitivity.

Definition 3. (ϵ-sensitivity). We say that a distribution map
D(·) is ϵ-sensitive if for all x, x′, we have

W1(D(x),D(x′)) ≤ ϵ ∥x− x′∥ , (2)

where W1 denotes the earth mover’s distance.

The earth mover’s distance, also known as 1-Wasserstein
distance, is a natural metric for quantifying the dissimilarity
between probability distributions. According to Kantorovich-
Rubinstein duality theorem [25], the earth mover’s distance of
two probability distributions P and Q can be expressed as

W1(P,Q) = sup
f∼Lip1

{EX∼P [f(X)]− EY∼Q[f(Y )]},

where Lip1 represents the set of 1-Lipschitz continuous func-
tions. We make the following assumptions on the cost function
and the distribution maps.

Assumption 1. The loss function l(x, z) is γ-strongly convex
in x for every z ∈ Z , i.e.,

l(x, z) ≥ l(x′, z) + ⟨∇xl(x
′, z), x− x′⟩+ γ

2
∥x− x′∥2 ,

for all x, x′ ∈ Rn.

Assumption 2. ∇xl(x, z) is βz-Lipschitz continuous in z for
every x ∈ Rn, i.e.,

∥∇xl(x, z)−∇xl(x, z
′)∥ ≤ βz ∥z − z′∥ ,

for all z, z′ ∈ Z , and ∇xl(x, z) is βx-Lipschitz continuous in
x for every z ∈ Z , i.e.,

∥∇xl(x, z)−∇xl(y, z)∥ ≤ βx ∥x− y∥ ,

for all x, y ∈ Rn.

Assumption 3. The distribution maps D and Dg are ϵ- and
ϵg-sensitive, respectively, namely,

W1(D(x),D(y)) ≤ ϵ ∥x− y∥ ,
W1(Dg(x),Dg(y)) ≤ ϵg ∥x− y∥ ,

for all x, y ∈ Rn.

It is worth noting that Assumptions 1–3 are quite standard
in the literature, e.g., [8]–[10]. Moreover, we introduce the
following assumption on the constraints.

Assumption 4. The matrix G has full row rank.

Assumption 4 is a technical condition that ensures the
strong concavity of the Lagrange dual function, and the
uniqueness of the optimal dual variable [26]. These two
properties facilitate the contraction analysis of the proposed
dual ascent algorithm. This assumption is commonly used in
the literature regarding resource allocation [27] and primal-
dual optimization [28]. Relaxing the rank condition would
introduce additional complexity to the theoretical analysis,
making it more challenging to establish rigorous results. It
is interesting to examine whether it can be relaxed to other
constraint qualifications, e.g., linear independence constraint
qualification (LICQ) or Slater condition; we leave it for future
research.

In what follows, we present two important lemmas that will
be used in the subsequent analysis.

Lemma 1. [8] Suppose that the loss l(x, z) is γ-strongly
convex in x for every z ∈ Z , ∇xl(x, z) is βz-Lipschitz
continuous in z, and the distribution map D(·) is ϵ-sensitive.
Define F (x′) = arg min

x∈X
E

z∼D(x′)
[l(x, z)], where X is a convex

set. For all x, x′ ∈ X , we have

∥F (x)− F (x′)∥ ≤ ϵβz

γ
∥x− x′∥ . (3)

Lemma 1 shows that the variation of the optimal solution
across two distributions is bounded by the distance between
the corresponding points that generate these distributions. Note
that Lemma 1 assumes fixed constrains and, therefore, cannot
be used here. The following lemma explores the sensitivity
of the optimal value with respect to perturbations of the
constraint.

Lemma 2. [20] Consider the convex optimization problem:

min
x∈X

f(x)

s.t. Gx ≤ v, (4)
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Algorithm 1: Repeated Constrained Minimization
1: Input: Initial variable x0.
2: for t = 0, 1, 2, . . . do
3: xt+1 = arg minx fxt

(x) s.t. Gx ≤ ξ(xt);
4: end for
5: Output: Sequence {xt}

where f is γ-strongly convex, β-smooth and twice continuously
differentiable, G ∈ Rdw×n has full row rank, and X is a
convex set. Suppose that GGT ≥ w2I for some w > 0. Then,
there exists a continuous map x∗(v) such that x∗(v) is the
optimum of the problem (4) and satisfies ∥∇vx

∗(v)∥ ≤ lx∗ =√
β
γ

1
w .

III. ALGORITHMS THAT CONVERGE TO EQUILIBRIUM
POINTS

This section focuses on the analysis of constrained equi-
librium points. Specifically, we discuss the existence and
uniqueness of constrained equilibrium points. Moreover, we
introduce two algorithms: RCM and RDA, and present suf-
ficient conditions required for each algorithm to converge to
the equilibrium point.

A. Repeated Constrained Minimization

We begin by analyzing RCM. We establish a sufficient con-
dition for RCM to converge, which also ensures the uniqueness
of the constrained equilibrium point.

Starting with an initial decision variable, RCM repeatedly
solves a constrained optimization problem with the distribution
induced by the previous decision. The RCM algorithm is
presented in Algorithm 1. Specifically, at iteration t + 1, we
perform the following update:

xt+1 =arg min
x

fxt
(x) s.t. Gx ≤ ξ(xt), (5)

where fxt
(x) := E

z∼D(xt)
[l(x, z)] and ξ(xt) := E

w∼Dg(xt)
[w].

The convergence of RCM is closely related to the existence
and uniqueness of the constrained equilibrium point. The main
result is presented in the following theorem. The proof can be
found in Appendix A.

Theorem 1. Suppose Assumptions 1–4 hold and let Lx∗ :=√
βx

γλmin(GGT) . If

ϵβz

γ
+ Lx∗ϵg < 1, (6)

then problem (1) admits a unique equilibrium point xs and
RCM converges to xs at a linear rate.

Theorem 1 demonstrates that RCM converges to the unique
equilibrium point at a linear rate when the parameters ϵ and
ϵg are small enough, i.e., the sensitivity of the optimization
problem is small. When the constraints are fixed (ϵg = 0),
RCM is equivalent to repeated risk minimization (RRM)
discussed in [8]. In this case, the sufficient condition in (6)
required for RCM reduces to ϵβz

γ < 1, which aligns with the

Fig. 1. Illustration of an RCM iteration. The decision-dependent constraint
shifts the location of the optimum.

previous result. Therefore, RCM subsumes RRM as a special
case.

When the constraints change as a function of decisions,
the RCM dynamics become more intricate than RRM in [8],
as the solution at each iteration may be influenced by the
variation in the constraints. Fig. 1 illustrates the dynamics of
RCM. Under the constraint Gx ≤ ξ(xt), the points x∗

t and
x̂∗
t+1 represent minima of the objective functions fxt

(x) and
fxt+1(x), respectively. However, since the constraint shifts to
Gx ≤ ξ(xt+1), the minimum at iteration t+1 is x∗

t+1 instead
of x̂∗

t+1. This constraint shift, which is usually hard to predict,
complicates the analysis of RCM as shown in the proof of
Theorem 1.

When the objective function is fixed (ϵ = 0), implying
that the distribution in the objective function is decision-
independent, the convergence result is as follows. The proof
follows directly from Theorem 1.

Corollary 1. Suppose ϵ = 0 and Assumptions 1–4 hold, and
let Lx∗ :=

√
βx

γλmin(GGT) . If Lx∗ϵg < 1, then problem (1)
admits a unique equilibrium point xs and RCM converges to
xs at a linear rate.

In the case that the distribution in the objective function re-
mains fixed, the convergence of RCM is thus ensured under the
condition Lx∗ϵg < 1. The parameter Lx∗ can be interpreted
as an intrinsic property of the system that characterizes the
sensitivity to perturbations in the constraints. The parameter
ϵg quantifies the extent to which the constraints are sensitive
to changes in the decisions. For convergence, it is essential
that both Lx∗ and ϵg are sufficiently small. In other words,
it is important that the system exhibits low sensitivity to
perturbations in the constraints, while simultaneously ensuring
that the constraints are also minimally affected by changes in
decisions. This ensures that the sequence of optimal solutions
remains insensitive to the changes in the decision-dependent
distributions.

When ϵ = 0, the sufficient condition Lx∗ϵg < 1 for RCM to
converge is in fact tight. This can be illustrated in the following
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simple example.
Example. Consider the minimization problem with the loss
function x2 and the constraint x ≥ ξ(xt), where x ∈ R is
the decision variable, and ξ(xt) = θxt with θ > 0. In this
problem, it is easy to verify that ϵ = 0, ϵg = θ, γ = βx =
2, G = 1, and Lx∗ = 1. If we run RCM from a positive
initial point x0 > 0, it is easy to verify that xt = θtx0. The
convergence of RCM requires the condition θ < 1, which is
equivalent to Lx∗ϵg < 1.

Remark 1. Although the sufficient condition (6) seems to be
conservative, it is in fact tight in two specific scenarios: when
ϵ = 0 and when ϵg = 0, as evidenced by Proposition 3.6
in [8] and the example provided above, respectively. Since
this condition is applicable to a wide range of distribution
maps, relaxing it when ϵ and ϵg are both non-zero poses a
considerable challenge, which is left as our future work.

B. Repeated Dual Ascent

Theorem 1 analyzes the convergence of RCM when the
sensitivity parameters ϵ, ϵg are small enough. However, im-
plementing RCM requires the exact solution of a constrained
optimization problem at each iteration, which might be compu-
tationally inefficient. To address this limitation, we introduce
a dual ascent algorithm RDA in this section. Sufficient con-
ditions are proposed that guarantee the convergence of this
algorithm to the constrained equilibrium point.

To facilitate the analysis of varying constraints, we define
the Lagrangian function

Lx′(x, λ) := fx′(x) + λT(Gx− ξ(x′))

where fx′(x) := E
z∼D(x′)

[l(x, z)], and the dual function

dx′(λ) := min
x

Lx′(x, λ).

It is easy to verify that the loss function fx′(x) is γ-strongly
convex and βx-smooth in x for every x′ ∈ Rn by taking
the expectation of the loss function l(x, z) with respect to
z ∼ D(x′).

Note that in this setting the dual function can be written as

dx′(λ) = −f̃x′(−GTλ)− λTξ(x′), (7)

where the conjugate function f̃x′ is defined as f̃x′(y) :=
max

x
⟨y, x⟩−fx′(x). The gradient of the dual function is given

by

∇dx′(λ) = G∇f̃x′(−GTλ)− ξ(x′). (8)

We present the RDA as Algorithm 2. Specifically, at iter-
ation t, the primal variable xt is obtained by minimizing the
Lagrangian function Lxt−1

(x, λt), i.e.,

xt = arg min
x

Lxt−1(x, λt). (9)

Then, the dual variable is updated via gradient ascent:

λt+1 = [λt + η∇dxt(λt)]+ = [λt + η(Gȳt − ξ(xt))]+, (10)

where ȳt = arg min
x

Lxt
(x, λt) and [a]+ = max{a, 0}. Note

that the update direction in (10) is the positive gradient of the

Algorithm 2: Repeated Dual Ascent
1: Input: Initial variables λ1, x0, step size η.
2: for t = 1, 2, . . . do
3: xt = arg min

x
Lxt−1

(x, λt);

4: ȳt = arg min
x

{fxt
(x) + λT

t (Gx− ξ(xt))};

5: λt+1 = [λt + η(Gȳt − ξ(xt))]+;
6: end for
7: Output: Sequences {xt}, {λt}

dual function dxt
instead of dxt−1

. In order to compute the
gradient of the new dual function ∇dxt(λt), we need to find
the minima ȳt by minimizing the loss function Lxt(x, λt).

Given that fx′(x) is γ-strongly convex and βx-smooth
in x for every x′ ∈ Rn, it can be shown that the dual
function dx′(λ) is strongly concave and smooth. This result
is summarized in the following lemma and the proof can be
found in the literature; see Proposition 3.1 in [29] for the
analysis of strong concavity and Lemma 3.2 in [30] for the
analysis of smoothness.

Lemma 3. Suppose Assumptions 1, 2, and 4 hold. There holds
that, for every x′ ∈ Rn, dx′(λ) is γd-strongly concave, i.e.,

dx′(λ) ≤ dx′(λ′) + ⟨λ− λ′,∇dx′(λ′)⟩+ γd
2

∥λ− λ′∥2 ,

with γd = λmin(GGT)
L , and Ld-smooth, i.e.,

∥∇dx′(λ)−∇dx′(λ′)∥ ≤ Ld ∥λ− λ′∥ ,

with Ld =
∥G∥2

2

γ .

We say that the linear independence constraint qualification
(LICQ) is satisfied if the gradients of all active constraints are
linearly independent. The following lemma discusses LICQ
and the uniqueness of the optimal dual variable.

Lemma 4. [26] Suppose Assumptions 1 and 4 hold. Then,
the LICQ holds and the optimal dual variable is unique.

Now we are ready to present the convergence result of RDA.
The proof can be found in Appendix B.

Theorem 2. Suppose Assumptions 1–4 hold, and denote by
{(xt, λt)} the sequence generated by RDA. If(

ϵβz ∥G∥2
γ

+ ϵg

)(
1 +

ϵβz ∥G∥2
γ2

+
∥G∥22
γ2

)
< 2γd (11)

and

ϵβz

γ

(
1 +

ϵβz ∥G∥2
γ2

)
< 1 (12)

hold, then there exist s2 > s1 ≥ 0 such that for all step size
η ∈ (s1, s2) we have

∥λt+1 − λ∗
s∥

2
+ α ∥xt − xs∥2

≤ κt(∥λ1 − λ∗
s∥

2
+ α ∥x0 − xs∥2), (13)
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where λ∗
s is the optimal dual variable of the dual function

dxs(λ), and

ρ1 =
ϵβz

γ
, ρ2 = ρ1 ∥G∥2 + ϵg,

ρ3 =
ρ1 ∥G∥2

γ
+

∥G∥22
γ2

, ρ4 = ρ21 +
ρ1 ∥G∥2

γ
,

a1 = L2
d + Ldρ2 + ρ22ρ3 + Ldρ2ρ3,

a2 = 2γd − ρ2(1 + ρ3), a3 = αρ3,

s1 =
a2 −

√
a22 − 4a1a3
2a1

,

b1 = ρ4(ρ
2
2 + Ldρ2), b2 = ρ2ρ4, b3 = α(1− ρ4),

s2 =
−b2 +

√
b22 + 4b1b3
2b1

, α = (1−
√
ᾱ)

a22
4ρ3a1

,

√
ᾱ = max

{
0, 1− L2

d

4γd(ρ2 + Ld)

}
,

κ = max(κ1, κ2), κ1 = η2a1 − ηa2 + αa3 < 1,

κ2 = η2b1 + ηb2 + b3 < 1.

Theorem 2 shows that RDA converges to the equilibrium
point at a linear rate under conditions (11) and (12). Note
that the sufficient condition in (11) is more restrictive than the
condition in (6) that guarantees the convergence of RCM to
the equilibrium point, because

1

2γd

(
ϵβz

γ
∥G∥2 + ϵg

)(
1 +

ϵβz ∥G∥2
γ2

+
∥G∥22
γ2

)

≥ 1

2γd

(
ϵβz

γ
∥G∥2 + ϵg

)
2 ∥G∥2

γ

=
ϵβz

γ

∥G∥22 βx

γλmin(GGT)
+ Lx∗ϵg

√
∥G∥22 βx

γλmin(GGT)

≥ ϵβz

γ
+ Lx∗ϵg,

where in the first inequality we use 1+
∥G∥2

2

γ2 ≥ 2∥G∥2

γ and in

the equality we use the definitions γd = λmin(GGT)
βx

and Lx∗ =√
βx

γλmin(GGT) . The last inequality follows from the facts that
the strong convexity parameter is not larger than the smooth
parameter, i.e., γ ≤ βx and λmin(GGT) ≤ ∥G∥22. Moreover, it
follows that the condition (11) together with Assumptions 1–4
ensures the uniqueness of the equilibrium point.

Remark 2. We would like to highlight the technical innova-
tions of RDA compared to RGD in [8]. Unlike RGD, which
is analyzed in the primal space, the convergence of RDA is
examined in the dual space by analyzing the dynamics of the
dual variable. The proof of RDA, which involves the use of
Lagrangian and conjugate functions in the dual space, is novel
and has not been previously employed in the study of decision-
dependent optimization.

Remark 3. We note that RDA deviates from the tradi-
tional dual ascent algorithm by involving the solution of two
minimization problems at each iteration, as opposed to the
traditional algorithm that only requires one. The additional
computation of ȳt is implemented to ensure that the dual

variable performs an update in the direction of the updated
gradient ∇dxt(λt). An alternative way to update the dual
variable is to use ∇dxt−1(λt) = Gxt − ξ(xt−1), which
eliminates the need for computing ȳt. However, the theoretical
analysis of the algorithm with this update becomes challenging
and we leave it as a subject for future work.

When the objective function is fixed (ϵ = 0), implying
that the distribution in the objective function is decision-
independent, the convergence of RDA is presented in the
following result. The proof can be found in Appendix C.

Corollary 2. Suppose ϵ = 0 and Assumptions 1–4 hold, and
denote by {(xt, λt)} the sequence generated by RDA. If

ϵg

(
1 +

∥G∥22
γ2

)
< 2γd (14)

and

η <
2γd − ϵg(1 +

∥G∥2
2

γ2 )

L2
d + ϵgLd + ϵ2g

∥G∥2
2

γ2 + ϵ2gLd
∥G∥2

2

γ2

,

then there holds

∥λt+1 − λ∗
s∥

2 ≤ κt
3 ∥λ1 − λ∗

s∥
2 (15)

and

∥xt+1 − xs∥2 ≤ κt−1
3

∥G∥22
γ2

∥λ1 − λ∗
s∥

2
, (16)

where κ3 = 1− 2ηγd + η2L2
d + ϵgη+ ϵgLdη

2 +
∥G∥2

2

γ2 (ϵ2gη
2 +

ϵgη + ϵgLdη
2).

Condition (14) required for RDA to converge is more
stringent than the condition Lx∗ϵg < 1 that ensures the
convergence of RCM, because

1

2γd
ϵg

(
1 +

∥G∥22
γ2

)
≥ 1

2γd
ϵg
2 ∥G∥2

γ

≥ ϵgLx∗

√
βx ∥G∥22

γλmin(GGT)
≥ ϵgLx∗ ,

where the last inequality holds since βx ≥ γ and ∥G∥22 ≥
λmin(GGT). This aligns with the case when ϵ > 0.

Remark 4. Theorem 2 demonstrates that the step size η cannot
be arbitrarily small to guarantee convergence of RDA. In
contrast, the traditional dual ascent method allows for an
arbitrarily small step size. This requirement arises here since a
small step size may hinder the dual variable from keeping pace
with changes in the optimal dual variable which are induced
by changes in distributions in the objective function. From
a technical perspective, a small step size cannot guarantee
that the term ∥λt − λ∗

s∥
2 will decrease with time. However,

when the distribution in the objective function is fixed (ϵ = 0),
this concern is eliminated, and the step size can be selected
arbitrarily small, as shown in Corollary 2.

Remark 5. We note that extending linear constraints to gen-
eral convex constraints is not straightforward due to two main
challenges. On the one hand, even if the original constraint
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function is strongly convex, the presence of distribution shifts
can render the decision-dependent constraint non-convex when
x and ξ in the constraint function are not separable. On
the other hand, the dual function dx(λ) is not necessarily
strongly concave and thus the optimal dual variable may not
be unique. The non-uniqueness of dual variable, combined
with the distribution shift effect, would significantly complicate
the analysis of the general constraint case.

IV. RELATING EQUILIBRIUM AND OPTIMAL POINTS

The results presented so far focus on the convergence to the
equilibrium points. However, a natural question to consider is
the relation between the constrained equilibrium and optimal
points. In this section, we quantify the distance between them.
To proceed, we introduce the following additional assumption.

Assumption 5. l(x, z) is Lz-Lipschitz continuous in z for
every x.

Given Assumption 5, our next result shows that all the
equilibrium and optimal points are close to each other. The
proof can be found in Appendix D.

Theorem 3. Suppose Assumptions 1–3 and 5 hold. If Lx∗ϵg <
1, then for every constrained equilibrium point xs and every
optimal point xo, we have

∥xo − xs∥ ≤ 2(Lzϵ+ ϵg
√
dw ∥λ∗

s∥)
γ(1− Lx∗ϵg

√
dw)2

. (17)

Note that Theorem 3 remains valid also for cases when con-
strained equilibrium points and constrained optimal points are
not necessarily unique. Theorem 3 shows that all equilibrium
and optimal points are close to each other if the parameters
ϵ and ϵg are small. Consequently, constrained optimal points
can be approximated by constrained equilibrium points which
can be derived using RCM and RDA when ϵ and ϵg meet the
specified conditions.

When ϵg = 0, the bound in (17) becomes equivalent to the
result in [8]. Therefore, our result subsumes the previous result
as a special case. This demonstrates the broader applicability
of our framework.

To end this section, we briefly discuss the challenges
encountered in the analysis of Theorem 3. When analyzing
the distance between the equilibrium and optimal points, a
standard technique is to use the strong convexity property,
which is also used in our proof. However, this property cannot
be applied in a straightforward way here since the constraint
sets induced by the distributions at the constrained equilibrium
and optimal points are not the same. The presence of inconsis-
tent constraints necessitates us to define a new optimal point,
subject to newly constructed constraints that ensure that all
these points satisfy the same constraints. By introducing this
intermediate point and conducting the sensitivity analysis, we
are able to address the challenges arising from the presence of
inconsistent constraints. Specifically, we can establish an upper
bound on the distance between the equilibrium and optimal
points and provide valuable insights into the relation between
the equilibrium and optimal solutions for the constrained
problem considered here.

V. NUMERICAL EXPERIMENTS

In this section, we conduct experiments to illustrate the
performance of RCM and RDA on market and dynamic pricing
problems.

A. Market Problem

We consider a market problem with the cost function
l(x, z) = −x1z1 − x2z2. Here, xi is the price of the i-
th good and zi is the random demand of the i-th good,
i = 1, 2. We assume that the demand of the first good satisfies
z1 = ζ1(x1)−a1x1, where the random variable ζ1(x1) follows
the uniform distribution U [ζL1

, ζR1
+ ϵx1]. For the second

good, the random demand is given by z2 = ζ2−a2x2, where ζ2
follows a fixed uniform distribution U [ζL2 , ζR2 ]. Additionally,
we introduce the cost of production vi for each good. We
assume that the cost of the first good, v1, follows a uniform
distribution U [v1, 1.2v1 + ϵgx1], where a lower price leads to
higher demands and, consequently, lower average cost. The
cost of the second good, v2, follows a uniform distribution
U [v2, 1.2v2]. The objective is to maximize the gross sales,
represented by x1z1+x2z2. We consider the constraint Gx ≤
ξ(x), where G = [−a3,−a4], ξ(x) = E[−v1(x1) − v2 − e1],
which ensures that the selling price is greater than the weighted
average cost plus e1.

The decision-dependent constrained optimization problem
is defined as

min − x1(E[ζ1(x1)]− a1x1)− x2(E[ζ2]− a2x2)

s.t. a3x1 + a4x2 ≥ e1 + E[v1(x1)] + E[v2].

The distributions in both the objective function and constraints
depend on the decisions. Next, we analyze the sensitivity of
the distribution maps. Without loss of generality, we assume
x′
1 > x1. By virtue of the definition of Wasserstein distance,

we have

W1(v1(x1), v1(x
′
1))

= 1− ηR1 + ϵx1 − ζL1

ζR1
+ ϵx′

1 − ζL1

+ 1− ζR1 + ϵx

ζR1
+ ϵx′

≤ ϵ|x1 − x′
1|
(

1

ζR1
+ ϵx′

1 − ζL1

+
1

ζR1
+ ϵx′

)
≤ ϵ

(
1

ζR1 − ζL1

+
1

ζR1

)
|x1 − x′

1|.

Based on the last inequality, we select the sensitivity pa-
rameter of the distribution map in the objective function
as ϵ̄ = ϵ( 1

ζR1
−ζL1

+ 1
ζR1

). Similarly, for the sensitivity
parameter of the distribution map of the constraints, we set
ϵ̄g = ϵg(

1
0.2v1

+ 1
1.2v1

).
We consider the following parameter values for the market

problem: a1 = 0.8, a2 = 0.2, a3 = 0.6, a4 = 1, ζL1 = 1,
ζR1

= 5.5, ζL2
= 0.5, ζR2

= 2.2, e1 = 1.2, v1 = 1.7,
v2 = 2.5. All the minimization problems are solved using the
CVXOPT toolbox. The simulation results for RCM and RDA
are presented in Figs 2–5. In particular, Figs. 2 and 3 show
the evolution of the decision variable x for RCM and RDA,
respectively. In Figs. 4 and 5, we plot the performance of RCM
and RDA for different values of the sensitivity parameters.
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Fig. 2. Trajectory of RCM when ϵ = 0.7, ϵg = 0.7 in the market problem.
As expected, it converges quickly to the equilibrium point xs, which is close
to the optimal point xo.
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Gx = (x)
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xs

RDA

Fig. 3. Trajectory of RDA when ϵ = 0.7, ϵg = 0.7 in the market problem.
Slightly slower convergence compared to RCM in Fig. 2.

We observe that when ϵ or ϵg is large, both methods fail
to converge to the equilibrium point. When ϵ and ϵg are
small, both methods converge rapidly within a few iterations.
Moreover, when the sensitivity parameter ϵ is not that small,
RCM performs similarly to RDA. However, when ϵ is small,
RCM outperforms RDA, demonstrating faster convergence.

B. Dynamic Pricing Problem

In this subsection, we present the application of our al-
gorithms to a dynamic pricing experiment using real-world
parking data from SFpark in San Francisco [31]. The decision
to use a personal vehicle for a trip is heavily influenced by
parking availability, parking location, and price. The primary
goal of the SFpark pilot project was to make it easy to find a
parking space. To this end, SFpark implemented the following
adjustments to hourly rates based on occupancy levels: a)
When the occupancy is between 80% and 100%, rates are
increased by $0.25; b) When the occupancy is between 60%
and 80%, no adjustment is made to the rates; c) When the
occupancy is between 30% and 60%, rates are decreased
by $0.25; d) When the occupancy is below 30%, rates are
decreased by $0.50. SFpark aims to maintain occupancy z1
between 60% and 80% and at the same time maximize the
revenue z2(x+ x̄), where z2 represents the total parking time

0 10 20 30 40 50
Iteration t

10 14

10 11

10 8

10 5

10 2

101

||x
t

x s
|| 2

RCM

= 3.3, g = 0.0
= 1.3, g = 9.2
= 1.3, g = 0.2
= 0.7, g = 0.7
= 0.1, g = 0.7
= 0.1, g = 0.2
= 0.0, g = 0.2

Fig. 4. Convergence of RCM for different ϵ, ϵg parameters in the market
problem.

0 10 20 30 40 50
Iteration t

10 14

10 11

10 8

10 5

10 2

101

||x
t

x s
|| 2

RDA

= 3.3, g = 0.0
= 1.3, g = 9.2
= 1.3, g = 0.2
= 0.7, g = 0.7
= 0.1, g = 0.7
= 0.1, g = 0.2
= 0.0, g = 0.2

Fig. 5. Convergence of RDA for different ϵ, ϵg parameters in the market
problem.

and x represents the difference between the parking price and
the nominal price x̄ = 3. We use a parameter t > 0 to quantify
the trade-off between these two objectives. The loss function
for this dynamic pricing problem is defined as follows:

l(x, z1, z2) = (z1 − 0.7)2 − tz2(x+ x̄) +
v

2
∥x∥2 .

Here, v > 0 is a regularization parameter. When analyzing
the individual response to a price adjustment x, we assume
that each user updates their behavior using the best response
strategy: z′2 = z2 − ϵx. Here, ϵ is a positive constant that
quantifies the sensitivity of the distribution map. It is easy to
verify that the distribution map for z2 is ϵ-sensitive.

We use the data from the street of Beach ST 600, containing
a total of n = 10224 samples. Six features are considered, with
the total occupied time treated as the strategic feature. The
occupancy is computed by dividing the total time by the total
occupied time. As in [12], we approximate the distribution of
occupancy as z1 = ζ − Ax, where A ≈ 0.157 is estimated
from data, ζ ∼ p0 is a fixed distribution and p0 is sampled
from data of which the price is at the nominal price.

The constraint is selected as E
z2∼D(x)

[z2] ≤ c1x+ c2, mean-

ing that the total occupied time should be linearly bounded. We
note that also the distribution in the constraint is ϵ-sensitive.
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Fig. 6. Convergence of RCM for different ϵ-sensitivity parameters in the
dynamic parking pricing problem.

0 25 50 75 100 125
Iteration t

10 14

10 11

10 8

10 5

10 2

101

|x
t+

1
x t

|

RDA

=0.01
=0.1
=0.2
=0.5

Fig. 7. Convergence of RDA for different ϵ-sensitivity parameters in the
dynamic parking pricing problem.

At iteration t, the decision-dependent problem can be written
as

min
x

(
v

2
+A2)x2 − 2A E

ζ∼p0

[ζ]x+ 1.4Ax− t E[z2]
z2∼D(xt)

s.t. − c1x ≤ c2 − E
z2∼D(xt)

[z2].

We select v = 0.03, t = 0.005, c1 = 0.5, c2 = 5, η = 0.18
and x0 = −1. All the minimization problems are solved using
the CVXOPT toolbox. The convergence results for RCM and
RDA are presented in Figs. 6 and 7, respectively. In Fig. 6,
we observe that RCM does indeed converge in only a few
iterations for small values of ϵ while it divergences if ϵ is too
large. Fig. 7 shows that RDA also converges linearly for small
values of ϵ, however, with a slower rate compared to RCM.

VI. CONCLUSIONS

In this work, we developed a framework for solving con-
strained optimization with decision-dependent distributions in
both the objective function and linear constraints. Firstly, we
established a sufficient condition that guarantees the unique-
ness of the constrained equilibrium point and at the same
time ensures that the RCM algorithm converges to this point.
Furthermore, we presented sufficient conditions for the RDA
algorithm to converge to the constrained equilibrium point.

Additionally, we derived a bound for the distance between
the constrained equilibrium and optimal points. Our results
showed that the decision-dependent optimization in [8] can
be viewed as a special case of our framework. Finally, we
demonstrated the effectiveness of our algorithms using illus-
trative experiments on both a synthetic market problem and a
dynamic pricing problem based on an open-source dataset.

The work presents numerous opportunities for future re-
search. For instance, it would be intriguing to expand the
framework to encompass broader constraints. One limitation
of our work is that the designed algorithms assume access
to expectation computation. In future work, it will be worth
considering the use of stochastic optimization algorithms.
Moreover, examining the impact of solving a single sub-
problem per iteration within RDA on convergence holds great
interest and warrants further investigation.

APPENDIX

A. Proof of Theorem 1

To ease notation, for fixed vectors a, b ∈ Rn, we define

M(a, b) = arg min
x

E
z∼D(a)

[l(x, z)] s.t. Gx ≤ ξ(b).

We note that M(x′, x′) and M(x′′, x′) are minima of the
objective functions Ez∼D(x′)[l(x, z)] and Ez∼D(x′′)[l(x, z)],
respectively, under the same constrained set. Hence, we can
use Lemma 1 to bound the distance of these two minima,
which gives

∥M(x′, x′)−M(x′′, x′)∥ ≤ ϵβz

γ
∥x′ − x′′∥ . (18)

The two points M(x′′, x′′) and M(x′′, x′) are minima of
the same objective function in two different constraint sets.
By virtue of Lemma 2, the distance between M(x′′, x′′) and
M(x′′, x′) can be bounded by

∥M(x′′, x′′)−M(x′′, x′)∥ ≤ Lx∗ ∥ξ(x′)− ξ(x′′)∥
≤ Lx∗ϵg ∥x′ − x′′∥ . (19)

Combining (18) and (19), we have

∥M(x′, x′)−M(x′′, x′′)∥
≤ ∥M(x′, x′)−M(x′′, x′)∥
+ ∥M(x′′, x′′)−M(x′′, x′)∥

≤
(ϵβz

γ
+ Lx∗ϵg

)
∥x′ − x′′∥ . (20)

From the update equation (5), we have xt+1 = M(xt, xt) and
xs = M(xs, xs). From (20), we have

∥xt − xs∥ = ∥M(xt−1, xt−1)−M(xs, xs)∥

≤
(ϵβz

γ
+ Lx∗ϵg

)
∥xt−1 − xs∥

≤
(ϵβz

γ
+ Lx∗ϵg

)t
∥x0 − xs∥ ,

which shows that RCM converges at a linear rate if ϵβz

γ +
Lx∗ϵg < 1. Given that the mapping x → M(x, x) is a
contraction, the uniqueness of xs directly follows from the
Banach fixed-point theorem. The proof is complete.
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B. Proof of Theorem 2

We first note that all the items are positive since ρ2(1 +
ρ3) < 2γd and ρ4 < 1.

By using the KKT conditions, it is easy to show that

xs = arg min
x∈Rn

Lxs
(x, λ∗

s)

λ∗
s = [λ∗

s + η∇dxs
(λ∗

s)]+, (21)

where λ∗
s is the optimal multiplier with respect to dxs

(λ).
We first analyze the dynamics of the dual variable. From the
update rule (10), we have

∥λt+1 − λ∗
s∥

2

= ∥[λt + η∇dxt(λt)]+ − [λ∗
s + η∇dxs(λ

∗
s)]+∥

2

≤ ∥[λt + η∇dxt
(λt)]− [λ∗

s + η∇dxs
(λ∗

s)]∥
2

= ∥λt − λ∗
s∥

2
+ η2 ∥∇dxt

(λt)−∇dxs
(λ∗

s)∥
2

+ 2η⟨λt − λ∗
s,∇dxt

(λt)−∇dxs
(λ∗

s)⟩. (22)

Since dx′(λ) is γd-strongly concave for every x′, we have

⟨λt − λ∗
s,∇dxt

(λt)−∇dxs
(λ∗

s)⟩
= ⟨λt − λ∗

s,∇dxt
(λt)−∇dxs

(λt)⟩
+ ⟨λt − λ∗

s,∇dxs
(λt)−∇dxs

(λ∗
s)⟩

≤ ⟨λt − λ∗
s,∇dxt

(λt)−∇dxs
(λt)⟩ − γd ∥λt − λ∗

s∥
2

≤ ∥λt − λ∗
s∥ ∥∇dxt(λt)−∇dxs(λt)∥ − γd ∥λt − λ∗

s∥
2
.

(23)

Moreover, we have

∥∇dxt
(λt)−∇dxs

(λt)∥

=
∥∥∥G∇f̃xt(−GTλt)− ξ(xt)−G∇f̃xs(−GTλt) + ξ(xs)

∥∥∥
= ∥Gȳt −Gỹt − ξ(xt) + ξ(xs)∥ , (24)

where ȳt = arg min
x∈Rn

(fxt
(x) + λT

t Gx − ξ(xt)), ỹt =

arg min
x∈Rn

(fxs
(x) + λT

t Gx − ξ(xs)). By virtue of Lemma 1,

we have

∥ȳt − ỹt∥ ≤ ϵβz

γ
∥xt − xs∥ = ρ1 ∥xt − xs∥ . (25)

Substituting (25) into (24), we obtain

∥∇dxt
(λt)−∇dxs

(λt)∥

≤
(
∥G∥2

ϵβz

γ
+ ϵg

)
∥xt − xs∥ = ρ2 ∥xt − xs∥ . (26)

Combining (26) with (23), we have

⟨λt − λ∗
s,∇dxt

(λt)−∇dxs
(λ∗

s)⟩
≤ ρ2 ∥xt − xs∥ ∥λt − λ∗

s∥ − γd ∥λt − λ∗
s∥

2
. (27)

Besides, we have

∥∇dxt
(λt)−∇dxs

(λ∗
s)∥

2

= ∥∇dxt(λt)−∇dxs(λt) +∇dxs(λt)−∇dxs(λ
∗
s)∥

2

= ∥∇dxt(λt)−∇dxs(λt)∥2 + ∥∇dxs(λt)−∇dxs(λ
∗
s)∥

2

+ 2⟨∇dxt(λt)−∇dxs(λt),∇dxs(λt)−∇dxs(λ
∗
s)⟩

≤ ρ22 ∥xt − xs∥2 + ∥∇dxs
(λt)−∇dxs

(λ∗
s)∥

2

+ 2 ∥∇dxt(λt)−∇dxs(λt)∥ ∥∇dxs(λt)−∇dxs(λ
∗
s)∥

≤ ρ22 ∥xt − xs∥2 + L2
d ∥λt − λ∗

s∥
2

+ 2Ldρ2 ∥λt − λ∗
s∥ ∥xt − xs∥ , (28)

where the first inequality follows from the Cauchy–Schwarz
inequality. The last inequality follows from the smooth-
ness of dxs

(λ), which gives ∥∇dxs
(λt)−∇dxs

(λ∗
s)∥ ≤

Ld ∥λt − λ∗
s∥. From (22), (27), and (28), we have

∥λt+1 − λ∗
s∥

2

≤ ∥λt − λ∗
s∥

2
+ η2

(
ρ22 ∥xt − xs∥2 + L2

d ∥λt − λ∗
s∥

2

+ 2Ldρ2 ∥λt − λ∗
s∥ ∥xt − xs∥

)
+ 2η

(
ρ2 ∥xt − xs∥ ∥λt − λ∗

s∥ − γd ∥λt − λ∗
s∥

2
)

=
(
1 + η2L2

d − 2ηγd

)
∥λt − λ∗

s∥
2
+ η2ρ22 ∥xt − xs∥2

+ 2ρ2(Ldη
2 + η) ∥xt − xs∥ ∥λt − λ∗

s∥

≤
(
1 + η2L2

d − 2ηγd + ρ2η + ρ2Ldη
2
)
∥λt − λ∗

s∥
2

+
(
η2ρ22 + ρ2η + ρ2Ldη

2
)
∥xt − xs∥2 , (29)

where the last inequality follows from the fact that 2ab ≤
a2 + b2.

Next we analyze the dynamics of the primal variable. Recall
that

xt = arg min
x

(fxt−1
(x) + λT

t (Gx− ξ(xt−1)))

= arg min
x

E
z∼D(xt−1)

[l(x, z) + λT
t Gx]

xs = arg min
x

(fxs
(x) + λ∗T

s (Gx− ξ(xs)))

= arg min
x

E
z∼D(xs)

[l(x, z) + λ∗T
s Gx],

and denote

yt : = arg min
x

(fxs(x) + λT
t (Gx− ξ(xs)))

= arg min
x

E
z∼D(xs)

[l(x, z) + λT
t Gx]

It can be verified that the function l(x, z)+λT
t Gx is γ-strongly

convex in x and its gradient ∇xl(x, z) +GTλt is β-Lipschitz
continuous in z. By virtue of Lemma 1, the distance between
xt and yt can be bounded by

∥xt − yt∥ ≤ ϵβz

γ
∥xt−1 − xs∥ = ρ1 ∥xt−1 − xs∥ . (30)

Now we bound ∥yt − xs∥. Since fxs(x) is strongly convex in
x, we have

γ ∥xs − yt∥2 ≤ ⟨xs − yt,∇fxs
(xs)−∇fxs

(yt)⟩
≤ ∥xs − yt∥ ∥∇fxs

(xs)−∇fxs
(yt)∥ . (31)

Since fxs(x)+λT
t Gx is also strongly convex in x, yt is unique

and satisfies ∇fxs
(yt)+GTλt = 0. Similarly, fxs

(x)+λ∗T
s Gx

is strongly convex in x and thus ∇fxs
(xs)+GTλ∗

s = 0. Then,
(31) yields

∥xs − yt∥ ≤ 1

γ
∥∇fxs

(xs)−∇fxs
(yt)∥
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=
1

γ

∥∥−GTλ∗
s +GTλt

∥∥
≤

∥G∥2
γ

∥λt − λ∗
s∥ . (32)

From (30) and (32), we have

∥xt − xs∥2 = ∥xt − yt + yt − xs∥2

= ∥xt − yt∥2 + ∥yt − xs∥2 + 2⟨xt − yt, yt − xs⟩

≤ ρ21 ∥xt−1 − xs∥2 +
∥G∥22
γ

∥λt − λ∗
s∥

2

+ 2ρ
∥G∥2
γ

∥xt−1 − xs∥ ∥λt − λ∗
s∥

≤
(
ρ21 +

ρ1 ∥G∥2
γ

)
∥xt−1 − xs∥2

+
(∥G∥22

γ2
+

ρ1 ∥G∥2
γ

)
∥λt − λ∗

s∥
2

= ρ4 ∥xt−1 − xs∥2 + ρ3 ∥λt − λ∗
s∥

2
. (33)

Combining (29) and (33), we have

∥λt+1 − λ∗
s∥

2
+ α ∥xt − xs∥2

≤
(
1 + η2L2

d − 2ηγd + ρ2η + ρ2Ldη
2
)
∥λt − λ∗

s∥
2

+
(
η2ρ22 + ρ2η + ρ2Ldη

2 + α
)
∥xt − xs∥2

≤
(
1 + η2L2

d − 2ηγd + ρ2η + ρ2Ldη
2
)
∥λt − λ∗

s∥
2

+
(
η2ρ22 + ρ2η + ρ2Ldη

2 + α
)

(34)

×
(
ρ4 ∥xt−1 − xs∥2 + ρ3 ∥λt − λ∗

s∥
2
)

=
(
1 + η2L2

d − 2ηγd + ρ2η + ρ2Ldη
2

+ ρ3

(
η2ρ22 + ρ2η + ρ2Ldη

2 + α
))

∥λt − λ∗
s∥

2

+
ρ4
α

(
η2ρ22 + ρ2η + ρ2Ldη

2 + α
)
α ∥xt−1 − xs∥2

= (1 +Hλ(η)) ∥λt − λ∗
s∥

2

+ (1 +H ′
x(η))α ∥xt−1 − xs∥2 , (35)

where we define Hλ(η) := η2L2
d − 2ηγd + ρ2η + ρ2Ldη

2 +

ρ3

(
η2ρ22+ρ2η+ρ2Ldη

2+α
)
= a1η

2−a2η+a3 and H ′
x(η) =

ρ4

α

(
η2ρ22+ρ2η+ρ2Ldη

2+α
)
− 1 = 1

α

(
b1η

2+ b2η− b3

)
:=

1
αHx(η). It suffices to show that the choice of η ∈ (s1, s2)
assures Hλ(η) < 0 and Hx(η) < 0.

Since a22 > 4a1a2, there exist two distinct solutions to
Hλ(η) = 0, which we denote by s1, s′1 with s1 < s′1. When
η ∈ (s1, s

′
1), we have Hλ(η) < 0. Similarly, we denote by

s2, s′2 the solutions to Hx(η) < 0 with s2 > s′2. When
η ∈ (s′2, s2), we have Hλ(x) < 0. When η takes values on
the intersection of these two regions, we can make sure that
Hλ(η) < 0 and Hx(η) < 0 simultaneously. Obviously, this
happens if s1 < s2. In what follows, we show that the choice
of α ensures s1 < s2. Specifically, the condition s1 < s2 is
equivalent to

a2 −
√
a22 − 4a1a3
2a1

<
−b2 +

√
b22 + 4b1b3
2b1

⇔ a2b1 + a1b2 < b1

√
a22 − 4a1a3 + a1

√
b22 + 4b1b3

⇔ ρ2ρ4(L
2
d + Ldρ2 + ρ22ρ3 + Ldρ2ρ3)

+ ρ4(ρ
2
2 + Ldρ2)(2γd − ρ2(1 + ρ3))

< b1

√
a22 − 4a1a3 + a1

√
b22 + 4b1b3

⇔ ρ2ρ4(2γdρ2 + 2γdLd + L2
d − ρ22)

< b1

√
a22 − 4a1a3 + a1

√
b22 + 4b1b3. (36)

Since
√

b22 + 4b1b3 > b2, a sufficient condition for (36) is

ρ2ρ4(2γdρ2 + 2γdLd + L2
d − ρ22)

< b1

√
a22 − 4a1a3 + a1b2

⇔ ρ2ρ4(2γdρ2 + 2γdLd + L2
d − ρ22)

< b1

√
a22 − 4a1a3 + ρ2ρ4(L

2
d + Ldρ2 + ρ22ρ3

+ Ldρ2ρ3)

⇔ 2γdρ2 + 2γdLd < (ρ2 + Ld)
√

a22 − 4a1a3

+ L2
d + Ldρ2 + ρ32ρ3 + Ldρ

2
2ρ3 + ρ22. (37)

Since α = (1− ᾱ)
a2
2

4ρ3a1
, the condition (37) is equivalent to

2γdρ2 + 2γdLd <
√
ᾱ(ρ2 + Ld)(2γd − ρ2(1 + ρ3))

+ L2
d + Ldρ2 + ρ32ρ3 + Ldρ

2
2ρ3 + ρ22

⇔ 2γdρ2 + 2γdLd +
√
ᾱρ2(1 + ρ3)(ρ2 + Ld)

< 2
√
ᾱγd(ρ2 + Ld) + L2

d + Ldρ2 + ρ32ρ3

+ Ldρ
2
2ρ3 + ρ22. (38)

Since
√
ᾱ ∈ [0, 1) and γd < Ld, we further simplify the

sufficient condition (38) to

2γdρ2 + 2γdLd <
√
ᾱ(2γdρ2 + 2γdLd) + L2

d

⇔ (1−
√
ᾱ)(2γdρ2 + 2γdLd) < L2

d

⇔
√
ᾱ > 1− L2

d

2γd(ρ2 + Ld)
, (39)

which holds since
√
ᾱ = max

{
0, 1− L2

d

4γd(ρ2+Ld)

}
. There-

fore, when η ∈ (s1, s2), we have Hx(λ) := κ1 < 1 and
Hx(η) := κ2 < 1. For κ = max{κ1, κ2}, from (34),
we have ∥λt+1 − λ∗

s∥
2
+ α ∥xt − xs∥2 ≤ κ(∥λt − λ∗

s∥
2
+

α ∥xt−1 − xs∥2). Iteratively using this inequality completes
the proof.

C. Proof of Corollary 2

Following the steps as in the proof of Theorem 2, we have
that

∥λt+1 − λ∗
s∥

2

≤
(
1 + η2L2

d − 2ηγd + ρ2η + ρ2Ldη
2
)
∥λt − λ∗

s∥
2

+
(
η2ρ22 + ρ2η + ρ2Ldη

2
)
∥xt − xs∥2 , (40)

and

∥xt+1 − xs∥2 ≤
∥G∥22
γ2

∥λt − λ∗
s∥

2
. (41)



JOURNAL OF LATEX CLASS FILES, VOL. 14, NO. 8, AUGUST 2015 12

Substituting (41) into (40), we have

∥λt+1 − λ∗
s∥

2

≤
(
1− 2ηγd + η2L2

d + ϵgη + ϵgLdη
2

+
∥G∥22
γ2

(ϵgη
2 + ϵgη + ϵgLdη

2)
)
∥λt − λ∗

s∥
2

=
(
1− η(2γd − ϵg − ϵg

∥G∥22
γ2

) + η2(L2
d + ϵgLd

+ ϵg
∥G∥22
γ2

+ ϵgLd
∥G∥22
γ2

)
)
∥λt − λ∗

s∥
2

= κ3 ∥λt − λ∗
s∥

2
. (42)

Since η <
2γd−ϵg(1+

∥G∥22
γ2 )

L2
d+ϵgLd+ϵ2g

∥G∥22
γ2 +ϵ2gLd

∥G∥22
γ2

, we have κ3 < 1.

Iteratively using (42), we can obtain (15). Substituting (41)
into (15), we obtain (16). The proof is complete.

D. Proof of Theorem 3

Recall the definition fx′(x) = E
z∼D(x′)

[l(x, z)]. By the defi-

nition of xo and xs, we have Gxo ≤ ξ(xo) and Gxs ≤ ξ(xs).
Since both xo and xs are feasible points of the problem (1),
we have fxo

(xo) ≤ fxs
(xs). We note that the inequality

fxs
(xs) ≤ fxs

(xo) does not necessarily hold since the
constraints Gxo ≤ ξ(xs) do not necessarily hold. In fact, we
can only guarantee that

Gixo ≤ ξi(xo)− ξi(xs) + ξi(xs)

≤ ξi(xs) + ϵg ∥xo − xs∥ , (43)

for all i ∈ {1, . . . , dw}, where ξi(xs) denotes the i-th element
of the vector ξ(xs).

To bound ∥xo − xs∥, we define the point

x̂s =arg min
x

{
E

z∼D(xs)
[l(x, z)]

∣∣∣
Gix ≤ ξi(xs) + ϵg ∥xo − xs∥ , i ∈ {1, . . . , dw}

}
.

Since both x̂s and xo satisfy the constraint (43), for all i ∈
{1, . . . , dw}, the strongly convex property of fx′(x) yields

fxs
(xo)− fxs

(x̂s) ≥
γ

2
∥xo − x̂s∥2 . (44)

Now we bound |fxs(xs)−fxs(x̂s)|. Denote by λ∗
s the optimal

multiplier of the problem max
λ≥0

gxs
(λ), where

gxs(λ) = min
x

{
E

z∼D(xs)
[l(x, z)] + λT(Gx− ξ(xs))

}
.

Consider the convex minimization problem:

min
x

E
z∼D(xs)

[l(x, z)]

s.t. Gix ≤ ξi(xs) + u, i = 1, . . . , dw,

where u is a scalar. Define p∗(u) =

inf
x

{
E

z∼D(xs)
[l(x, z)]

∣∣∣Gix ≤ ξi(xs) + u, i ∈ {1, . . . , dw}
}

.

Set u0 = ϵg ∥xo − xs∥. For any feasible point x that satisfies
the constraint Gix ≤ ξ(xs) + u0, i = 1, . . . , dw, we have

fxs(xs) = p∗(0) = gxs(λ
∗
s)

≤ E
z∼D(xs)

[l(x, z)] + λ∗T
s (Gx− ξ(xs))

≤ E
z∼D(xs)

[l(x, z)] + λ∗T
s 1u0,

where the equality holds due to the strong duality, the first
inequality follows from the definition of gxs , and the second
inequality follows from the fact that λ∗

s ≥ 0. Here, the notation
1 denotes the vector with suitable dimension of which all the
elements are 1. Since x̂s is a feasible point with respect to
the constraint Gix ≤ ξi(xs) + u0, i = 1, . . . , dw, we further
obtain

fxs
(xs) ≤ E

z∼D(xs)
[l(x̂s, z)] + λ∗T

s 1u0

≤ fxs
(x̂s) + λ∗T

s 1u0

≤ fxs
(x̂s) + ϵg

√
dw ∥λ∗

s∥ ∥xo − xs∥ . (45)

From (44) and (45), we have

fxo
(xo) ≤ fxs

(xs)

≤ fxs
(x̂s) + ϵg

√
dw ∥λ∗

s∥ ∥xo − xs∥

≤ fxs
(xo)−

γ

2
∥xo − x̂s∥2

+ ϵg
√
dw ∥λ∗

s∥ ∥xo − xs∥ . (46)

Since l(x, z) is Lz-Lipschitz continuous in z, we have

fxs
(xo) ≤ fxo

(xo) + Lzϵ ∥xo − xs∥ . (47)

From (46) and (47), we have
γ

2
∥xo − x̂s∥2 ≤ Lzϵ ∥xo − xs∥

+ϵg
√

dw ∥λ∗
s∥ ∥xo − xs∥ . (48)

By virtue of Lemma 2, we have

∥xs − x̂s∥ ≤ Lx∗ϵg
√
dw ∥xo − xs∥ . (49)

Combining (48) with (49), we have

γ ∥xo − xs∥2 = γ ∥xo − x̂s + x̂s − xs∥2

≤ γ(1 +
1

c
) ∥xo − x̂s∥2 + γ(1 + c) ∥x̂s − xs∥2

≤ 2(1 +
1

c
)(Lzϵ+ ϵg

√
dw ∥λ∗

s∥) ∥xo − xs∥

+ γ(1 + c)L2
x∗ϵ2gdw ∥xo − xs∥2 , (50)

where the first inequality holds, since 2ab ≤ ca2 + 1
c b

2 for
any c > 0. Upon performing a transformation, (50) can be
expressed as:

∥xo − xs∥ ≤
2(1 + 1

c )(Lzϵ+ ϵg
√
dw ∥λ∗

s∥
γ(1− (1 + c)L2

x∗ϵ2gdw)
.

By setting c = −1 + 1
Lx∗ ϵg

√
dw

, we get

∥xo − xs∥ ≤ 2(Lzϵ+ ϵg
√
dw ∥λ∗

s∥)
γ(1− Lx∗ϵg

√
dw)2

,

which completes the proof.
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