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Abstract—In this paper we investigate the use of Stochastic
Reduced Order Models (SROMs) for solving Stochastic Source
Identification (SSI) problems in steady-state transport phenomena given statistics of the system state at a small number of
locations. We capture the physics of the transport phenomenon by
a Partial Differential Equation (PDE) which we discretize using
the finite element method. The SSI problem is then formulated as
a stochastic optimization problem constrained by the PDE, and
then transformed into a deterministic one after representing the
random quantities with a low-dimensional discrete SROM. The
small number of samples given by SROMs requires only a small
number of PDE solves at each optimization iteration in order to
obtain a solution to the SSI problem, defined as a distribution of
possible source locations and intensities. We provide simulations
to demonstrate the effectiveness of SROMs in capturing uncertainty. We also demonstrate the ability of SROMs to capture
multiple independent sources of uncertainty, in particular, we
consider uncertainty in the location of the measurements which
has practical implications in robotics applications.

I. I NTRODUCTION
Source Identification (SI) refers to the estimation of the
location, intensity, and shape of a source given a set of
measurements of the quantity generated by that source. The
SI problem has a wide variety of applications spanning from
environmental protection to human safety [1], [2]. SI falls
under a broader class of problems known as Inverse Problems
(IPs) [3], [4]. In this setting, one is provided with observations
of a system state and uses these observations to estimate some
unknown parameters of the source. A common approach to
solving IPs is to formulate them as deterministic optimization
problems that minimize an appropriate objective function
involving the parameters of interest and the observed data
subject to the constraint that some model of the underlying phenomenon is satisfied. However, when solving IPs in
practice, uncertainty is unavoidable (e.g., measurement noise,
boundary conditions) and incorporating these uncertainties
is crucial to understanding the degree of uncertainty in the
solution. However, quantifying this uncertainty comes at the
cost of increased computation. The method presented in this
paper focuses on an efficient method to solve the SI problem
under uncertainty.
Existing methods to handle uncertainty in IPs fall into
two categories, namely, Bayesian inference methods and the
stochastic optimization approaches. In Bayesian methods, a
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prior distribution of the unknown parameters and a likelihood
model are used to form a posterior distribution. Often, this
distribution can only be estimated via Markov Chain Monte
Carlo (MCMC) methods. In [5] and [6], standard MCMC
algorithms are used to solve IPs in elastography and heat conduction respectively. In [7] these methods are adapted using
a sparse grid collocation approach. While these methods have
been shown to work well for various applications, they require
the costly solution of a deterministic forward simulation for
every parameter sample. Furthermore, the solution can be
significantly different with small fluctuations in the observed
data, or by choosing a different prior distribution, which can
often be arbitrary.
Stochastic optimization approaches differ from Bayesian
approaches in that the inputs to such methods are the statistics
of the state of the system rather than a single observation of
the random state. An approach using stochastic optimization
for IPs was first developed in [8] for the inverse heat conduction problem. In this work, the unknown parameters were
represented using generalized polynomial chaos expansions.
The work was later extended by representing uncertainty with
a sparse grid collocation approach [9], [10].
In this paper, we utilize Stochastic Reduced Order Models
(SROMs) to approximate the random quantities. A SROM
is a low-dimensional discrete approximation to a continuous
random quantity consisting of a finite and generally small
set of samples and corresponding probabilities. The sampleprobability pairs are chosen such that the resulting discrete
distribution is close in a statistical sense to the underlying
continuous distribution that it is approximating. SROMs were
first proposed in [11] and further refined in [12]. SROMs have
seen success in forward uncertainty propagation in applications such as linear dynamical systems [13] and interangular
corrosion rates [14]. The SROM methodology for general IPs
under uncertainty was developed in [15]. The contribution of
this paper is the use of SROMs for stochastic SI in advectiondiffusion problems under uncertainty in the measurement locations, a problem of practical importance especially in controls
and robotics applications that has not been explored in relevant
literature on SROMs. Our results suggest that SROMs, which
have only been recently investigated in uncertainty quantification and IP literature, can present a potentially powerful
alternative to Bayesian methods that are predominantly used
to solve estimation problems in the controls and robotics.
The remaining sections of this paper are organized as
follows. In Section II we define the stochastic SI problem in
an advection-diffusion transport system. Section III introduces
SROMs and describes how they can be used to propagate
uncertainty in forward problems. Section IV describes how

SROMs can be used to solve stochastic IPs and discusses our
solution strategy for the stochastic SI problem. Section V provides numerical simulations demonstrating the effectiveness of
the method. We conclude in Section VI with a summary of
this work as well as future directions.

and true concentration vectors respectively. δ is the prescribed
noise level in the system, and  ∼ N (0, 1). Therefore, the
distribution of concentration at each measurement location is
a scaled and shifted normal, i.e.,

II. P ROBLEM D EFINITION

Ci ∼ N (ci , c2i δ 2 ).

(4)

A. Advection-Diffusion Partial Differential Equation

B. Stochastic Source Identification Problem

Consider a physical domain of interest Ω ∈ R` where
1 ≤ ` ≤ 3 and some nonnegative source function f : Ω → R+ .
Denote the measurable concentration quantity by c : Ω → R+ .
Let the velocity field within the domain be denoted by q ∈ R`
and the diffusivity of the medium by D ∈ R+ . Assuming
steady-state conditions and a zero-valued (Dirichlet) condition
on the boundary Γ of the domain, transport of the concentration in the domain is modeled with the following Boundary
Value Problem (BVP):

Given statistics of the observable system state, denoted by
Cm , we wish to determine the random source and concentration elements S and C that best approximate the observed
measurements in a statistical sense. We require that these
random elements satisfy the governing physical model (3).
Furthermore, let Θ ⊂ Rq denote some additional known
source of uncertainty such as uncertainty in the diffusivity
D, velocity field q, boundary conditions, or location of the
measurements. The abstract model then becomes

−D∇2 c + q · ∇c − f = 0

in Ω

c=0

on Γ.

(1)
M(C, S; Θ) = 0.

(5)

After discretization of the BVP (1) using the Finite Element
(FE) Method with a mesh with N̂ total nodes, we get a
finite dimensional approximation of the solution given by the
following algebraic system of equations:

Problem II.1. Given the distribution of concentration at n
locations in the domain Ω and the probability law of random
parameters Θ, find the probability law of the source that
generated the observed measurement statistics.

[K]ĉ = [R]f̂ ,

In order to solve Problem II.1, we will define an objective
function to be minimized J (C, S; Θ) where J : Rn × Rd ×
Rq → R. In the context of inverse problems, this objective
function can be defined as:

(2)

where the matrices [K] and [R] are N̂ × N̂ sparse matrices. ĉ
and f̂ are the N̂ dimensional concentration and source vectors
respectively, with entries being the value of the concentration
and source functions evaluated at the nodes of the FE mesh.
Therefore, given a source vector f̂ , a unique ĉ = [K]−1 [R]f̂
can be determined. See [16] for details.
Let the matrix [Q] ∈ Rn×N̂ be an indicator matrix such
that after multiplying [K]−1 [R]f̂ , returns the n  N̂ entries of [K]−1 [R]f̂ corresponding to specific locations in the
FE mesh, i.e., a subset of the full N̂ -dimensional vector
ĉ. Furthermore, assume that the source vector f̂ can be
parametrized by d  N̂ parameters denoted by s ∈ Rd .
Given s, the N̂ -dimensional vector f̂ can be constructed, and
then the n-dimensional concentration vector can be solved for
c = [Q][K]−1 [R] f̂ (s) ∈ Rn . Lastly, let θ ∈ Rq denote some
other parameters in the BVP (1) different from the source.
Now, we can define a finite dimensional abstract model for
(1) in the reduced space of source and concentration vectors,
M(c, s; θ) = 0 c ∈ Rn , s ∈ Rd θ ∈ Rq .

(3)

Consider a set of n stationary sensors within the domain
Ω that can take measurements of the concentration field.
Specifically, these sensors are located at the locations corresponding to the entries of c. These sensors observe the
concentration under the influence of noise. Let C ∈ Rn
denote the random concentration vector. Assume that the noise
follows a multiplicative model such that Ci = ci (1+δ) where
Ci and ci denote the i’th elements of the noise-corrupted

J (C, S; Θ) := D(C, Cm ; Θ) + R(S, S0 ),

(6)

where the operators D(·, ·) and R(·, ·) represent functions
measuring distance between random elements. These can be
thought of as distance metrics in the sense of statistics. R(·, ·)
along with S0 represent a prior knowledge of the statistics of
the source variable of interest S. With the objective function
defined, we can now define a stochastic optimization problem:
min

C∈C,s∈S

J (C, S; Θ)

(7)

s.t. M(C, S; Θ) = 0.
Assuming that a number of measurements is available and so
is the distribution at each measurement location, along with
the known probability law of Θ, we wish to estimate the
probability law of the source vector S.
III. S TOCHASTIC R EDUCED O RDER M ODELS
A Stochastic Reduced Order Model (SROM) X̃ for a
random quantity X is comprised of a finite set of samples {x̃(1) , . . . , x̃(m) } and corresponding probabilities
Pm (j) p =
{p(1) , . . . p(m) } that satisfy p(j) ≥ 0 and
= 1,
j=1 p
(j) (j) m
such that the discrete distribution {x̃ , p }j=1 is close to
X in a statistical sense. The SROM is completely defined by
the size m of samples and the corresponding probabilities.
SROMs were first developed for propagation of uncertainty

through forward models [11]. In this setting, it is assumed that
a statistical description of X is known a priori. This statistical
description could include its marginal distributions, moments
up to order q, and correlation matrix, i.e.,

Fi (xi ) := P (Xi ≤ xi )
µi (q) := E[Xiq ]

(8a)
(8b)

T

r := E[XX ].

(8c)

The statistical quantities (8) can be estimated by


m
X
(j)
F̃i (xi ) :=
p(j) 1 x̃i ≤ xi
µ̃i (q) :=

j=1
m
X

(9a)

r̃(i, k) :=

(j) (j)
p(j) x̃i x̃k ,

) = 0 for i = 1, . . . , ms j = 1, . . . , mθ ,
(12)

(9c)

where k = (j −1)×ms +i and the corresponding probabilities
of each concentration sample are
(j)

(i)
p(k)
c = ps × pθ

where 1(·) is the indicator function.
A. SROM Construction
We wish to construct a SROM X̃ for random vector X such
that the statistics of X̃ given by (9) best approximate those
of X (8). This can be achieved by solving an optimization
problem that measures the discrepancy between the SROM
statistics and the true statistics. Specifically, upon defining the
following error terms:
d

e2 (x̃, p) :=

1
2

Z 

2
F̃i (xi ) − Fi (xi ) dxi

(10a)

Ii

q̄ 
d X
X
i=1 q=1

µ̃i (q) − µi (q)
µi (q)

2


2
d
r̃(i, j) − r(i, j)
1 X
e3 (x̃, p) :=
,
2 i,=1;j>i
r(i, j)

(10b)

(10c)

where Ii is the support of distribution function Fi and d is the
dimension of the random vector X, the SROM parameters can
be selected by solving the following optimization problem:
3
X

X̃ := argmin (
{x̃}, p

s.t.

(j)

(9b)

j=1

1X
e1 (x̃, p) =
2 i=1

In the setting of advection-diffusion transport, given a
system of algebraic equations (3) relating the source and
concentration vectors s and c, consider the case where the
statistics of the source parameters s are known such that a
(i)
s
SROM S̃ = {s̃(i) , ps }m
i=1 of size ms has been constructed.
Also, the statistics of some other source of uncertainty are
(j) (j)
θ
known such that a SROM Θ̃ = {θ̃ , pθ }m
j=1 of size mθ
has also been constructed. Now, in the ”forward problem”,
the goal is to estimate the statistics of the state variable c. We
can do so by solving the model (3) ms × mθ times for the
state samples {c̃} corresponding to each source sample {s̃}
and parameter sample {θ̃}, i.e. by solving
M(c̃(k) , s̃(i) ; θ̃

(j)
p(j) (x̃i )q

j=1
m
X

B. Forward Uncertainty Propagation Using SROMs

i=1
m
X

αi ei ({x̃}, p))

(11)

p(j) = 1

j=1

p(j) ≥ 0,
where {αi ≥ 0}3i=1 are weight coefficients controlling the
influence of each error term in the objective function. The
SROM model size m can be selected based on computational
resources available.

for k = 1, . . . , ms × mθ .

(13)

s ×mθ
The resulting concentration state samples {c̃(i) }m
along
i=1
with the probabilities pc given by equation (13), define a
SROM C̃ for the random concentration vector C. Then, we
can use this new SROM to estimate the statistics of the state
variable using (9).

Remark III.1. In the absence of uncertainty in other pa(i)
s
rameters (θ), the concentration SROM C̃ = {c̃(i) , pc }m
i=1
is formed by solving the model ms times and keeping the
original source probabilities i.e. pc = ps .
The proposed SROM framework can be easily extended to
handle multiple (independent) sources of uncertainty. It can be
seen that propagating uncertainty with SROMs is non-intrusive
in a way analogous to Monte Carlo simulation. However,
SROMs are constructed by assigning non-uniform probabilities to certain samples in order to better represent the random
element. Using optimization to construct the distribution with
only a few samples results in much fewer model evaluations
compared with sampling methods [11] - [14].
IV. SROM S FOR I NVERSE P ROBLEMS
In this paper we use SROMs to solve the stochastic source
identification problem in advection-diffusion transport systems under uncertainty in the concentration measurements
and measurement locations. We focus on uncertainty in the
measurement locations due to its practical importance for
robotics applications and because it has not been considered
using SROMs before. In this setting, the role of the concentration and source is reversed from the previous Section III-B.
Specifically, given statistics of the observable system state
Cm at n locations that themselves are uncertain, we wish to
determine the probability law of the source S. The general idea
is to reformulate the stochastic constrained inverse problem
(7) into a deterministic one using a SROM approximation to

the random quantities. Specifically, we will use a ”DiscretizeOptimize” approach that employs the SROM approximations
C̃, S̃, and Θ̃ for the random elements C, S, and Θ. We
will adopt the following notation for the SROM samples using
block vectors {c̃} := {c̃(1) , . . . , c̃(ms ×mθ ) }T ∈ RN , {s̃} :=
(1)
(mθ ) T
{s̃(1) , . . . , s̃(ms ) }T ∈ RD , and {θ̃} := {θ̃ , . . . , θ̃
} ∈
RQ , where N = n × ms × mθ , D = d × ms , and Q = q × mθ .
Similarly, the model constraint (7) can be replaced with the
SROM approximations giving:

M̃ :=





















M(c̃(1) , s̃(1) ; θ̃
..
.

(1)

M(c̃(k) , s̃(i) ; θ̃
..
.

(j)












)

)

M(c̃(ms ×mθ ) , s̃(ms ) ; θ̃

(mθ )

)

= 0 ∈ RN , (14)











so that the stochastic constraint equation (7) has been decoupled into ms × mθ sets of deterministic equality constraints.
Using these notations, the objective function (7) can be expressed in terms of the SROM approximations as
J (C, S; Θ) ≈ J (C̃, S̃; Θ̃) := J ({c̃}, {s̃}, {θ̃}, ps , pθ ).
(15)
Since the state sample c̃(k) is an implicit function of the
(j)
parameter samples s̃(i) and θ̃ by the properties of the model
(3), we can bring the model constraint (14) into the objective
function, i.e.,
Jˆ({s̃}, ps ) := J ({ c̃({s̃}, {θ̃}, pθ ) }, {s̃}, ps ).

(16)

Finally, we can define the SROM solution to the stochastic
optimization problem (7) as:
S̃∗ :=

argmin

Jˆ({s̃}, ps ),

(17)

A. Solution Strategy Using SROMs
To solve (17), we need to derive the gradient of the objective
function to supply to a solver. Let, Cqm ∈ Rn+ be the vector
of the q’th moments of the concentration distribution at each
measurement location. The optimization problem (17) finds a
set of source samples and probabilities such that along with
the known uncertainty in the location of the measurements
according to Θ̃, the corresponding concentration samples
according to (3) and set of probabilities (13), provide a good
estimate to the observed statistics Cm as determined by (10).
To illustrate how the finite element model is utilized in the
objective function, we present an example of the objective
function (17) that utilizes a single error term from (11). Specifically, the case where α2 = 1 and α1 = α3 = 0 in (11). Before
solving the inverse problem for the source, we first construct a
SROM for each measurement location that adequately captures
the degree of uncertainty in the location of the measurement
points. The SROMs for the measurement locations enter the
optimization problem by mapping the source samples to the
respective locations in the set of location SROM samples
and multiplying by the corresponding probability that the
measurements were observed at that location. The objective
function can now be defined:
n

S̃ := argmin
{s̃,ps }

q̄

1 XX
2 i=1 q=1
(j) (k)
(k) q
(j)
))
k=1 ps pθ (ci (s , θ
q
Cm (i)

Pms Pmθ

Cqm (i) −

j=1

!2
, (19)

where ci (s(j) , θ (k) ) is the i’th entry of measurement vector
c corresponding to measurement location i when solving the
model (3) for source s(j) and measurement location θ (k) .
We are now in position to derive the gradient of the optimization problem (19) with respect to the source parameters
(j)
s(j) and probabilities ps :

{s̃}∈Q,ps ∈P

where P is the feasible set of probabilities
)
(
ms
X
(i)
P := ps | ps ∈ Rms ,
p(i)
s = 1 and ps ≥ 0, ∀i ,
i=1

(18)
and Q is the feasible set of source samples which can include a
priori bounds on the location of the source within the domain
of interest Ω or on the intensity of the source. In essence,
(i)
s
we are constructing a SROM for the source {s̃(i) , ps }m
i=1
such that the corresponding concentration SROM, which also
depends on the uncertainty in the measurement locations cap(i) (i)
θ
tured by {θ̃ , pθ }m
i=1 , is close to the observed concentration
distributions in a statistical sense. The optimization variables
(i)
s
are the source samples and probabilities {s̃(i) , ps }m
i=1 , and
the objective function will have the form of the usual SROM
objective (11), however, the objective function will be minimizing discrepancy between the concentration SROM and the
observed concentration statistics.

q̄

n

XX
∂ Jˆ
=
(j)
∂s
i=1 q=1
!
Pms Pmθ (j) (k)
(k) q
q
(j)
Cm (i) − j=1
))
k=1 ps pθ (ci (s , θ
Cqm (i)
(j)

−q ps

Pmθ

k=1

(k)

pθ (ci (s(j) , θ (k) ))(q−1) (∂ci /∂sj )
Cqm (i)

×

!
, (20)

where ∂c/∂s(j) = [Q][K]−1 [R] ∂ f̂ /∂s(j) . The gradient
(j)
∂ Jˆ/∂ps is simpler and omitted for brevity. These gradients
can be supplied to a deterministic solver to solve for the source
(j)
s
samples and probabilities {s(j) , ps }m
j=1 .
V. N UMERICAL E XPERIMENTS
In this section we provide numerical simulations to demonstrate the effectiveness of the proposed SROM optimization
framework to identify sources in advection-diffusion transport
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Fig. 1: CDF plot of x1 for δ = 0.01, 0.05, 0.1 and 0.15. True value of
x1 = 0.8.

Fig. 2: CDF plots of xc1 parameter for both sources. True values were xc1 =
(2)
0.8 and xc1 = 0.3

systems under uncertainty in the concentration measurements
as well as the measurement locations. We solved the nonlinear
optimization problem (17) using the MATLAB optimization
toolbox with an interior-point algorithm for which we provide
the analytical gradient. In all of the simulations, we consider
2D square domains with dimension 1 × 1. A Finite Element
(FE) mesh size of N̂ = 41 × 41 = 1681 nodes was
utilized. An in-house FE code was used to build a mesh
and construct matrices [K] and [R] in (2). Measurements
were taken on a lattice of n = 8 equally spaced locations
throughout the domain. We represented the source with 3
parameters, namely its center xc ∈ [0, 1] × [0, 1] and its
peak intensity β ∈ R+ such that s = [xc , β]T ∈ R3 .
We used the following Gaussian-like function to represent
2
the source, f (x; s) = β exp{−1/(2γ 2 ) kx − xc k }, where it
is assumed that the parameter γ is given. We assume that
the distribution on the location of the measurements is a 2dimensional symmetric uncorrelated Gaussian centered at the
true location where the measurement statistics were generated.
Without loss of generality, all of the simulations presented are
diffusion dominated, i.e. q = 0 in (1). The diffusivity of the
medium is set to D = 1.

that the corresponding concentration samples minimized the
discrepancy between the first eight moments of the observed
concentration distributions. In this simulation, ms = 10
SROM samples were used. The optimization problem was
solved for δ = 1%, 5%, 10% and 15% noise levels according
to (4). Plots of the SROM CDF given by (9a) for xc1 of
the random vector s is shown in Figure 1. The SROM CDF
can be seen to be centered around the true value, with a
higher variance for the cases where the observed concentration
variance was higher. CDF plots for xc2 and β are similar but
omitted for brevity.
Next, we present a more complex scenario with two sources
within the domain. This simulation demonstrates the ability
of SROMs to handle higher dimensional parameter spaces.
In this setting, the number of unknowns is six, i.e., s =
(2)
(2)
(1)
(1)
[xc1 , xc2 , β (1) , xc1 , xc2 , β (2) ]. When the forward problem
is solved in each iteration of the optimization, the right
hand side vector f̂ in (2) is formed by first forming the
individual source vectors and then adding them together, i.e.
(2)
(1)
(1)
(2)
f̂ = f̂1 (xc1 , xc2 , β (1) ) + f̂2 (xc1 , xc2 β (2) ). Again, ms = 10
SROM samples were used. Plots of the CDF for the xc1
parameter of both sources is shown in Figure 2 for the same
noise levels δ as in the single source case. CDF plots of xc2
and β of each source are similar but omitted for brevity.

A. Source Identification with Known Measurement Locations
We first present a simulation with a single source in a
domain with known measurement locations. The parameters
of the source were set to [xc1 , xc2 , β] = [0.8, 0.4, 1000]. Given
this source, we then generate concentration samples using
Monte Carlo sampling according to (4). These samples are the
data Cm used to solve the inverse problem. Source samples
were generated randomly to initialize the problem. All of the
(i)
probabilities were initialized as ps = 1/ms , i.e., a uniform
distribution. For the objective function in the optimization
problem, α2 was set to 1 (with q̄ = 8) while α1 and α3 were
set to 0 in (11). Therefore, we solved the SROM optimization
problem (17) for the source samples and probabilities such

B. Uncertain Measurement Locations
In this simulation, we incorporate the uncertainty in the
location of the measurements in addition to measurement
noise when solving the source identification problem. This
is of practical importance in robotics applications, where
localization uncertainty is typically present. It is assumed that
this uncertainty in the measurement locations is known ahead
of time such that a SROM of size mθ for each measurement
location can be constructed to reflect this uncertainty as
discussed in Section IV-A. By selecting nearby points within
the FE mesh, we solved a SROM optimization problem for the
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unknown source. Our approach requires significantly fewer
samples and thus much less model evaluations than Monte
Carlo sampling methods. We considered different sources of
uncertainty, including uncertainty in the measurement locations which is of practical importance in robotics applications
where localization errors are common. We also provided simulation results that demonstrated the ability of our method to
effectively quantify uncertainty in the source parameters. Our
results suggest that SROMs can present a potentially powerful
alternative to Bayesian methods that are predominantly used
to solve estimation problems in the controls and robotics
literature. Future research includes introducing mobility and
constructing optimal sequences of measurements to decrease
estimation uncertainty.
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Fig. 3: x1 , x2 , and β standard deviation versus measurement location standard
deviation for n = 8 measurements and δ = 1% measurement noise.

probabilities of these nearby points such that the corresponding
SROM statistics satisfied the prescribed distribution on the
location of the measurements. Therefore, we are able to
examine how the SROM solution for the source parameters
changes as we increase the uncertainty in the location of the
measurements.
Results are shown in Figure 3 for ms = 5 source samples and mθ = 5 location samples corresponding to each
measurement location with a fixed measurement noise level
of δ = 1%. Again, the true source parameters were set to
[xc1 , xc2 , β] = [0.8, 0.4, 1000]. The uncertainty in the source
parameters is shown for the different prescribed standard
deviations on the location (symmetric in x1 and x2 directions)
of the measurements σθ = [0.01, 0.02, 0.03, 0.04, 0.05], i.e.,
up to 5% of the total domain length. It can be seen that the
SROM solution correctly captures the growing uncertainty in
the location and intensity of the source as the uncertainty in the
measurement locations grows. Although the uncertainty in the
source intensity β shown in Figure 3 is not a monotonically
increasing function of the the measurement location uncertainty σθ , the uncertainty in the source location parameter xc
is monotonically increasing with σθ and thus reflects an overall
increase in the uncertainty of the source as we become more
uncertain about the location of the measurements.
VI. C ONCLUSION
In this paper we investigated the use of Stochastic Reduced
Order Models (SROMs) for solving stochastic source identification problems, specifically in advection-diffusion transport
systems in steady state. Given statistics of concentration
measurements within a domain, we formulated a stochastic
optimization problem to solve for the probability law of the

