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Abstract—We present a novel distributed algorithm for convex
constrained optimization problems that are subject to noise
corruption and uncertainties. The proposed scheme can be clas-
sified as a distributed stochastic approximation method, where
a unique feature here is that we allow for multiple noise terms
to appear in both the computation and communication stages
of the distributed iterative process. Specifically, we consider
problems that involve multiple agents optimizing a separable
convex objective function subject to convex local constraints and
linear coupling constraints. This is a richer class of problems
compared to those that can be handled by existing distributed
stochastic approximation methods which consider only consensus
constraints and fewer sources of noise. The proposed algorithm
utilizes the augmented Lagrangian (AL) framework, which has
been widely used recently to solve deterministic optimization
problems in a distributed way. We show that the proposed method
generates sequences of primal and dual variables that converge
to their respective optimal sets almost surely.

Index Terms—Distributed optimization, stochastic optimiza-
tion, stochastic approximation, multi-agent systems, noisy com-
munications.

I. INTRODUCTION

Distributed optimization methods [1] have recently received
significant attention due to the ever increasing size and com-
plexity of modern day problems, and the ongoing advance-
ments in the parallel processing capabilities of contemporary
computers. By decomposing the original problem into smaller,
more manageable subproblems that are solved in parallel,
distributed methods scale much better than their centralized
counterparts. For this reason, they are widely used to solve
large-scale problems arising in areas as diverse as wireless
communications, optimal control, machine learning, artificial
intelligence, computational biology, finance and statistics, to
name a few. Moreover, distributed algorithms avoid the cost
and fragility associated with centralized coordination, and pro-
vide better privacy for the autonomous decision makers. These
are desirable properties, especially in applications involving
networked robotics, communication or sensor networks, and
power distribution systems.

A classic method used for distributed optimization is that of
dual decomposition and is based on Lagrangian duality theory
[1, 2]. Dual methods are simple and popular, however, they
suffer from exceedingly slow convergence rates and require
strict convexity of the objective function. These drawbacks
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are alleviated by utilizing the augmented Lagrangian (AL)
framework, which has recently received considerable attention
as a most efficient approach for distributed optimization in
determistic settings; see e.g. [3]-[7]. Alternative algorithms
for distributed optimization include Newton methods [8, 9],
projection-based approaches [10, 11], Nesterov-like algorithms
[12, 13], online methods [14, 15], and even continuous-time
approaches [16].

In this paper we propose a distributed algorithm for convex
constrained optimization problems that are subject to noise and
uncertainties. The focus of our investigation is the following
convex problem

N
min Z fi(xi)
i=1

N (1)
subject to Z A;x; = Db,
i=1

x; €X;, i=1,2,...,N,

where, forevery i € Z = {1,2,..., N}, the X; C R™ denotes
a nonempty closed, convex subset of n;-dimensional Euclidean
space, the f; : R™ — R is a convex function, and the A; is
a matrix of dimension m X n;.

Problem (1) models situations where a set of N decision
makers, henceforth referred to as agents, need to determine
local decisions x; € X; that minimize a collection of local cost
functions f;(x;), while respecting a set of affine constraints
Zfil A;x; = b that couple the local decisions between
agents. In previous work [7], we presented the Accelerated
Distributed Augmented Lagrangians (ADAL) method to solve
such problems in a distributed fashion. ADAL is a primal-
dual iterative scheme based on the augmented Lagrangian
framework. Each iteration of ADAL consists of three steps.
First, every agent solves a local convex optimization problem
based on a separable approximation of the AL, that utilizes
only locally available variables. Then, the agents update and
communicate their primal variables to neighboring agents.
Finally, they update their dual variables based on the values
of the communicated primal variables. The computations at
each step are performed in parallel. It was shown in [17] that
ADAL has a worst-case O(1/k) convergence rate, where k
denotes the number of iterations.

In this paper, we extend ADAL to address the case where
problem (1) needs to be solved distributedly in the presence of
uncertainty and noise. In particular, we consider the scenario
where: i) the agents have access only to noisy approximations
of their objective functions at each iteration or, equivalently,



the agents can calculate only approximate subgradients of
their objective functions, and ii) noise corrupts the primal
and dual message exchanges between agents during the it-
erative execution of the method. To address this stochastic
framework, ADAL needs to be modified; we refer to the new
algorithm as the Stochastic Accelerated Distributed Augmented
Lagrangians (SADAL) method. We show that SADAL gener-
ates sequences of primal and dual variables that converge to
their optimal values almost surely (a.s.).

Our work is also directly related to the literature of stochas-
tic approximation (SA) techniques. Generally speaking, the
term SA characterizes those stochastic methods that attempt
to iteratively solve convex optimization problems based on
noisy (sub)gradient observations. SA has been an active area
of research since the 1950s, beginning with the seminal
work of [18], which introduced the Robbins-Monro algorithm
for unconstrained optimization problems and proved that the
method generates iterates that converge to the optimal solution
in the mean square sense. Since then, a significant amount of
SA literature has emerged, with some of the most represen-
tative works being [19]-[25]. Certain works follow the so-
called “limiting mean ODE” (ordinary differential equations)
technique to prove the convergence of SA schemes; see for
example [26]-[28]. On the other hand, there exists a signif-
icantly smaller number of works that considers distributed
stochastic approximation schemes. The existing literature on
such distributed approaches is mostly concerned with consen-
sus constrained optimization problems, wherein a set of agents
with separable objective functions need to agree on a common
decision vector; see, e.g., [29]-[38].

The contribution of this paper is threefold. First, we pro-
pose a distributed stochastic approximation algorithm that can
address more general constraint sets compared to the relevant
existing literature in SA which is concerned only with consen-
sus constraints. In fact, problems with consensus constraints
can be expressed in the form of (1), such that they are a special
case of the scenario under consideration here. Second, we
allow for multiple noise terms, namely four, to appear in both
the computation and communication stages of the proposed
distributed iterative method. Typically, distributed stochastic
approximation algorithms contain a single source of noise,
affecting either the computations or the communications, with
only a few works considering two noise terms simultaneously
[30]-[32].

Finally, the proposed method is based on the augmented
Lagrangian framework, for which only a limited amount of
works exist that consider it in a stochastic setting. For example,
in [37, 38] the authors examine the stability properties of the
Alternating Direction Method of Multipliers (ADMM) when
applied to consensus problems that suffer from noise in the
message exchanges. Moreover, in [39] a convergence result is
derived for the ADMM applied to problems of the form (1)
with N = 2 and noise appearing in one of the two objective
functions. In this paper we study a more general framework
than the aforementioned stochastic ADMM works, and also
provide a stronger convergence result (a.s.). Specifically, we
consider the general class of problems (1), where NV is allowed
to be larger than 2, and where noise appears in all the objective

functions and all message exchanges at the same time. The
main challenge here is that AL methods are primal-dual
schemes, which means that the effects from multiple sources
of noise corruption and uncertainty propagate in-between the
two domains.

The rest of this paper is organized as follows. In section
II we discuss some essential facts regarding duality and
augmented Lagrangians. We also provide a description of the
ADAL method and recall its convergence properties. In section
IIT we describe the proposed SADAL algorithm and elaborate
on the specific noise terms that can appear during its iterative
execution. In section IV we establish the a.s. convergence of
SADAL. Finally, in Section V we present numerical results to
verify the validity of the proposed approach.

II. PRELIMINARIES

In this section we introduce some basic facts about solving
(1) using the augmented Lagrangian framework in a deter-
ministic setting, i.e., when the agents have exact knowledge
of the objective functions f; and when there is no noise
in the message exchanges between them (communication is
necessary when these algorithms are implemented in a dis-
tributed fashion). Moreover, we briefly discuss the distributed
ADAL method [7] to lay the ground for the development
of its stochastic counterpart, the SADAL, which will be
subsequently presented in Section III. We denote

N
f(x)= Zfi(xi)

where x = [x],...,xN]T € R™ with n = SN n,
Furthermore, we denote A = [A;...Ay] € R™*™, The

N

constraint Y A;x; = b of problem (1) takes on the form
i=1

Ax = b. Associating Lagrange multipliers A € R™ with that

constraint, the Lagrange function is defined as

L(x,A) = F(x)+ (A, Ax—b) (2)
N
= ZLi(xiaA) - (b’A>a

where L;(x;, A) = fi(x;)+ (X, A;x;), and (-, -) denotes inner
product. Then, the dual function is defined as

g(A) =

N
Jnf, L(x,A) = ;giw (b, A),

where X = A} x Ay -+ x X, and

gi(A) = inf [ filxi) + (A Axi)|.

X, €X;

The dual function is decomposable and this gives rise to
various decomposition methods addressing the dual problem,

which is defined by

N
max > gi(A) — (b, A). 3)
=1

AeRm £



Algorithm 1 Augmented Lagrangian Method (ALM)
Set k = 1 and define initial Lagrange multipliers A’.

1. For a fixed vector \*, calculate X* as a solution of the
problem:

: k
min Ay (x, A%). 4)

2. If the constraints Zil AZ-)?:? = b are satisfied, then stop
(optimal solution found). Otherwise, set :

N
A=Ak 4, (Z AxF — b) , (5)

i=1

Increase k by one and return to Step 1.

Dual methods suffer from well-documented disadvantages,
the most notable ones being their exceedingly slow conver-
gence rates and the requirement for strictly convex objec-
tive functions. These drawbacks can be alleviated by the
augmented Lagrangian framework [1, 40]. The augmented
Lagrangian associated with problem (1) is given by

A A) = () + (A Ax—b) + L|Ax b2,

where p > 0 is a penalty parameter. We recall the standard
augmented Lagrangian method (ALM), also referred to as the
“Method of Multipliers” in the literature [1, 40], in Alg. 1.

The convergence of the augmented Lagrangian method is
ensured when problem (3) has an optimal solution indepen-
dently of the starting point A'. Under convexity assumptions
and a constraint qualification condition, every accumulation
point of the sequence {x*} is an optimal solution of problem
(1). Tt is also worth mentioning that the augmented Lagrangian
method exhibits convergence properties in non-convex set-
tings, cf. [40].

The convergence speed and the numerical advantages of
augmented Lagrangian methods (see, e.g., [40, 41]) provide a
strong motivation for creating decomposed versions of them.
However, achieving such a decomposition is not as straight-
forward as in the simple dual method, since the quadratic
term of the augmented Lagrangian introduces cross-terms
between all variables. Early specialized techniques that allow
for decomposition of the augmented Lagrangian can be traced
back to the works [42, 43]. More recent literature involves the
Diagonal Quadratic Approximation (DQA) algorithm [5, 6,
44], the Alternating Direction Method of Multipliers (ADMM)
[1, 3, 4, 45], as well as the Accelerated Distributed Augmented
Lagrangians (ADAL) method which was recently developed
by the authors in [7, 17]. The DQA method replaces each
minimization step in the augmented Lagrangian algorithm
by a separable approximation of the augmented Lagrangian
function. The ADMM methods are based on the relations
between splitting methods for monotone operators, such as
Douglas-Rachford splitting, and the proximal point algorithm
[3, 43]. In what follows we focus our discussion on the
ADAL method and briefly describe its algorithmic form and
convergence properties. For a more detailed discussion on
the differences and similarities between ADAL, DQA, and
ADMM, the interested reader is directed to [7].

Algorithm 2 Accelerated Distributed Augmented Lagrangians
(ADAL)

Set k = 1 and define initial Lagrange multipliers A* and initial
primal variables x!.

1. For fixed Lagrange multipliers \*, determine %¥ for every
1 € 7 as the solution of the following problem:

XH1€1£1( AZ (x5, %", AF). (7)

2. Set for every 1 € 7
xf'H =xP 4 7r(xF —xF). (8)

3. If the constraints Zfil A;x¥T1 = b are satisfied and
AxF = A;xF, then stop (optimal solution found).
Otherwise, set:

N
AL — AF 4 pr (Z Axkrt b) , )

i=1

increase k by one and return to Step 1.

A. The ADAL algorithm

The ADAL method is based on defining the local augmented
Lagrangian function Af) : R™ xR"xR™ — R for every agent

i=1,..., N at each iteration k, according to
Ab(xi, X" A) = fi(xi) + (A Aix;) (6)
p J7#i
+ §||Aixi +) A5 bl
jeT

ADAL has two parameters: a positive penalty parameter p
and a stepsize parameter 7 € (0,1). Each iteration of ADAL
is comprised of three steps: i) a minimization step of all the
local augmented Lagrangians, ii) an update step for the primal
variables, and iii) an update step for the dual variables. The
computations at each step are performed in a parallel fashion,
so that ADAL resembles a Jacobi-type algorithm; see [1] for
more details on Jacobi and Gauss-Seidel type algorithms. The
ADAL method is summarized in Alg. 2.

At the first step of each iteration, each agent minimizes
its local AL subject to its local convex constraints. This
computation step requires only local information. To see this,
note that the variables ijé?, appearing in the penalty term of
the local AL (6), correspond to the local primal variables of
agent j that were communicated to agent ¢ for the optimization
of its local Lagrangian f\ﬁ). With respect to agent 7, these are
considered fixed parameters. The penalty term of each A, can
be equivalently expressed as

Jj#i & 9
| Aix; + Zjez AxE b

m ) 2
= 3 (A, 00 (A, - )

where [A;]; denotes the j-th row of matrix A;. The above
penalty term is involved only in the minimization computation
(7). Hence, for those [ such that [A;]; = O, the terms
>775 [A;x"], by are just constant terms in the minimization



step, and can be excluded. Here, [A;]; denotes the [-th row of
A, and O stands for a zero vector of proper dimension. This
implies that subproblem 7 needs access only to the decisions
[ijﬂl from all subproblems j # i that are involved in
the same constraints [ as i. Moreover, regarding the term
<A, A1X1> in (6), we have that (A, A1X1> = Z;nzl /\j [Aixi]j.
Hence, we see that, in order to compute (7), each subproblem 7
needs access only to those A; for which [A,]; # 0. Intuitively
speaking, each agent needs access only to the information that
is relevant to the constraints that this agent is involved in.
After the local optimization steps have been carried out, the
second step consists of each agent updating its primal variables
by taking a convex combination with the corresponding values
from the previous iteration. This update depends on a stepsize
7 which must satisfy 7 € (0, 1) in order to ensure convergence
of the algorithm [7]. Here, q is defined as the maximum degree,
and is a measure of sparsity of the total constraint matrix A.
Specifically, for each constraint j = 1,...,m, we introduce
a measure of involvement. We denote the number of agents ¢
associated with this constraint by g;, that is, g; is the number
of all i € Z : [A;]; # 0. Here, O denotes a zero vector of
proper dimension. We define ¢ to be the maximum over all
qj, i.e.,
(10)

1= .88,
Intuitively, ¢ is the number of agents coupled in the “most
populated” constraint of the problem.

The third and final step of each ADAL iteration consists of
the dual update. This step is distributed by structure, since the
Lagrange multiplier of the j-th constraint is updated according
to X = Neppr (01 [Aixf“}j—bj), which implies that
the udpate of \; needs only information from those ¢ for which
[A;]; # 0. We can define, without loss of generality, a set
M C{1,...,m} of agents that perform the dual updates, such
that an agent j € M is responsible for the update of the dual
variables corresponding to a subset of the coupling constraint
set Ax = b (without overlapping agents). For example, if the
cardinality of M is equal to the number of constraints m, then
each agent j € M is responsible for the update of the dual
variable of the j-th constraint. In practical settings, M can be
a subset of Z, or it can be a separate set of agents, depending
on the application.

The convergence of ADAL, relies on the following three as-
sumptions, which are mild, technical, and commonly required
in the analysis of convex optimization methods:

(al) The functions f; : R™ — R fori € Z = {1,2,...,N}
are convex, and the sets X; C R™ for ¢+ € Z are nonempty
closed convex sets.

(a2) The Lagrange function L(x, A), cf. (2), has a saddle point
(x*,A") € R™ x R™ so that

L(x*,A) < L(x*,A\") < L(x,A"), Vx € X, VA € R™
(a3) All subproblems (7) are solvable at every iteration.

Assumption (a2) implies that the point x* is a solution of
problem (1), the point A* is a solution of (3), and the strong
duality relation holds, i.e., the optimal values of the primal

and dual problems are equal. Assumption (a3) is satisfied if
for every 1 = 1,..., N, either the set X; is compact, or the
function f;(x;) + & || Asx; — b||? is inf-compact for any vector
b. The latter condition, means that the level sets of the function
are compact sets, implying that the set {x; € X; : fi(x;) +
£]|A;x; — b||? < a} is compact for any o € R.

The convergence proof of ADAL hinges on showing that
the Lyapunov/Merit function ¢(x*, A*) defined by

N
S A = p) A —x))?

i=1

1k
+ ;II)\" +p(1 = 7)r(x") = X7

(1)

is strictly decreasing throughout the iterations k. Here, we
define the residual r(x) € R™ as the vector containing the
amount of all constraint violations with respect to the primal
variable x, i.e.

N
I‘(X) = ZAixi —b.
i=1

We state the main convergence result of ADAL from [7].
Theorem 1: Assume (al)—(a3). If the stepsize satisfies
0 < 7 < 1, then, the sequence {¢(x*, AF)}, is strictly
decreasing. Moreover, the ADAL method either stops at an
optimal solution of problem (3), or generates a sequence of
A¥ converging to an optimal solution of it. Any sequence {x*}
generated by the ADAL algorithm has an accumulation point

and any such point is an optimal solution of (1).

III. StoCcHASTIC ADAL

In this section we develop the SADAL algorithm that allows
for a distributed solution of (1) when: i) the local compu-
tation steps are inexact or are performed in the presence of
uncertainty, and ii) the message exchanges between agents are
corrupted by noise. The basic algorithmic structure of SADAL
is essentially the same as that of ADAL. Nevertheless, to
account for the presence of uncertainty and noise, appropriate
adaptations need to be made. SADAL is summarized in Alg.
3.

In SADAL, each agent ¢ € Z receives noise-corrupted
versions of the actual primal and dual variables. We let ifj

and S\f denote the noise-corrupted versions of the primal X?
and the dual A\* variables, respectively, as received by agent ¢
at iteration k. Consequently, the local augmented Lagrangian
function A; R xR™ xR™ — R of each agent i € 7 is now
formed based on these noise-corrupted variables, cf. (12), i.e.,
it takes the form

_k 3k 3
A (i, X5, EF) = Fi(xi, €8) + (A Aixy)
) J#i
+ SllAx + > A -b?
jeT
where xF = {xF,..., %%} denotes the collection of the

noise corrupted variables fcfj Note that every local AL is now
defined with respect to the function Fj(x;,£F), which is the



Algorithm 3 Stochastic Accelerated Distributed Augmented
Lagrangians (SADAL)

Set k = 1 and define initial Lagrange multipliers A" and initial
primal variables x!.

1. For fixed Lagrange multipliers ¥, determine %¥ for every
1 € T as the solution of the following problem:

min A (xi, %5, A7, €F) (12)
sj’t. xX; € &;
2. Set for every i € Z
xETL = xb 4 Tk(Af—XZ) (13)
yirt = xb 4 é(f{f—xf) (14)
3. If the constraints Zf\il Aixfﬂ = b are satisfied and
Aif(f = Aixf, then stop (optimal solution found).

Otherwise, set:

N
AL = NP 4 oy (Z Ayhtt — b) (15)

i=1

increase k£ by one and return to Step 1.

noise-corrupted version of the true objective function f;. Here,
the term &F represents the uncertainty at iteration k.
Moreover, in SADAL the stepsize parameter 7 has to be de-
fined as 7y, cf. (13) and (15), which must be a decreasing, non-
negative sequence that is square summable, but not summable.
This decrease property of the stepsize is essential in the vast
majority of works within the relevant stochastic approximation
literature; see, e.g., [26]. Finally, SADAL introduces the
additional auxiliary variables y* 1 = x¥# 4 1(%F — x¥) that
are updated locally at each agent ¢ € Z, cf. (14). Note that the
difference between the y**! and the x** updates lies in the

i
stepsize choice; we always use  for the y**1 and 7, for the

x¥*1 The y¥*! variables are then used for the dual update
step of SADAL, cf. (15).

In what follows, we elaborate on the specific noise terms
that appear during the iterative execution of SADAL (12)-
(15), such that we provide a specific definition for the notion
of uncertainty and noise corruption in our particular setting.
We assume that there is a probability space (€2, 7, P), where
the set € is arbitrary, F is a o-algebra of subsets of {2, and P
is a probability measure defined on F. All o-algebras will be
sub-o-algebras of F, and all random variables will be defined
on this space.

Noise in the message exchanges for the formation of
the local augmented Lagrangians: At each iteration k, agent
i receives, via communication, the noise corrupted primal
variables Ajfcf'j from agent j, and also the noise corrupted

Sk
dual variables A; according to

ARE = AxE 4+ v (16)
k = A+ wk (17)

where the vfj Q — R™, and wF : Q@ — R™ are

random vectors of appropriate size whose entries are assumed
to be i.i.d. random variables with zero mean and bounded
variance. Essentially, vfj represents the noise corruption in the
communication of the actual primal variables ij;? of agent
j towards agent i. Similarly, w¥ denotes the noise corruption
on the dual variables A* as perceived by agent ¢ after the
corresponding message exchanges.

Note that we formulate the message exchanges with respect
to the products A;x¥, despite the fact that the x% are the
actual variables and the matrices A are essentially problem
parameters. This is because each agent ¢ does not need to
know the matrices A ; of the other agents; it is only interested
in the products ij?. In fact, it only needs those entries of
the vector ijé? which correspond to their common coupling
constraints (cf. the pertinent discussion in section II-A).

Noise in the local computations: After receiving the com-
municated variables, each agent ¢ determines the minimizers
%% of its local augmented Lagrangian AL (x;,%xF, S\f, ¢F) ac-
cording to (12). Each A/ (x;, X}, ;\f, ¢¥) contains the function
F; : R™ x Q — R, where &; is an element of the probability
space (2, F,P). We assume that each F;(-,&;) is a convex
function of x; for each & € (2, and that F;(x;,-) is an
integrable function of &, for each x; € R™, i.e., we assume
that E[|Fi(xi,£i)\] < oo for each x; € R™. We also assume
that the functions F; satisfy

fi(xi) = E[Fi(x4,&)].

The above relation implies that the f;(x;) are convex and that
the following relation also holds (see, e.g., [46])

0fi(xi) = E[0F;(x:,&)],

where Of;(x;) and Ok, F;(x;,&;) denote the convex subd-
ifferentials of the convex functions f;(x;) and Fj;(x;,&;),
respectively, at a point x;. If we let sy, € Of;(x;) denote
a subgradient of f; at the point x;, and s, € 0F;(x;,&;) be a
subgradient of F; with respect to x;, then sy, = E[sp,] also
holds, which can be equivalently expressed as

sy, =sr, + e}, (18)

where the noise vector e : O — R™ must satisfy E[ef] =0
for all iterations k. Since the functions F; appear only in the lo-
cal computation steps (12), the above arguments reveal that, for
our particular method, the requirement f;(x;) = E[F;(x;,&)]
is equivalent to sy, = s, + el

Essentially, the aforementioned formulation for noise in the
local computations of SADAL enables us to model cases
where: i) at each iteration k the agents have access only to
noisy observations F;(x;, Sf) of their true objective functions
fi» or ii) cases where the agents want to optimize the expected
values of the F;’s, but have access only to sample values
Fi(x“ff), or even iii) cases where the subgradients of Fj
can only be computed with an error e¥ at each iteration k.

Noise in the message exchanges for the dual updates:
Similar to the discussion in Section II-A, we assume that
there exists a set M C {1,...,m} of agents that perform the
dual updates. After the local minimization and primal update
steps have been performed, each agent ¢ € 7 communicates



the updated Aiyi”l variables to the agents responsible for
the dual updates. This message exchange is also corrupted by
noise, such that the received messages Aika take the form

7
Ayt = Ayttt bt (19)

where uf™ : Q — R™ is a random vector whose entries

are assumed to be i.i.d. random variables with zero mean and
bounded variance. Here, the entry [uf“] ;j corresponds to the
noise corruption on the respective actual variable [A,;] ijH
as received by agent j € M after the corresponding message
exchanges.

Note that we formulate the message exchanges (19) with
respect to the products A;y;, following the same reasoning
as discussed above regarding the message exchanges for the
formation of the local ALs (16)-(17). Furthermore, note that
in practice if a row j of A; is zero, then the corresponding
j-th entry of u; should also be identically zero (i.e., it has
zero mean and variance), since agent i does not need to
communicate anything for the update of the dual variable of
constraint j.

IV. CONVERGENCE ANALYSIS.

In this section we establish the almost sure convergence of
SADAL to the optimal solution of (1). We need the following
assumptions:

(A1) For every i € T consider the function F;(x;,&;), where
F; : R™ x  — R. We assume that F;(-,&;) is a convex
function of x; for each & € €, and that Fj(x;,-) is
an integrable function of ¢; for each x; € R™, ie.,
E|[|F;(xi,&)|] < oo for each x; € R™. Moreover, each
F; satisfies the relation fi(x;) = E[F;(x;,&;)], where
fi + R™ — R. It follows that f; is also convex; see,
e.g., [46]. We also assume that the sets X; C R™ are
nonempty closed, convex sets for all 7 € 7.

The Lagrange function L(x, A), cf. (2), has a saddle point
(x*,A") e R" x R™:

L(x*,A) < L(x*,A\") < L(x,\%),

for every x € X, and A € R™.

All subproblems (12) are solvable at any iteration k =
1,2,....

The stepsize sequence 7 satisfies

1 o0
T € (O, *) s ZTk =
q k=1

The penalty parameter p is strictly positive.

The noise corruption vectors e}, vi;, wF, uf, for every
1,7 € Z, have entries which are i.i.d random variables
with zero mean. Moreover, the entries of the noise terms

(A2)
(20)

(A3)
(A4)

oo and ZT,? < o0o. (21)
k=1

(A5)

(A6)

vfj, w¥ u¥ have bounded variance.
(A7) The noise terms
ef=whpy vh (22)
i
satisfy a.s.
oo
> Bk [llef]P] < oo, (23)
k=1

where [E;, denotes conditional expectation with respect to
the o-algebra pertaining to iteration k.
(A8) The noise terms in the local computation steps satisfy

el ©% 0.

Assumptions (A2) and (A3) are the same as in the deter-
ministic ADAL method. For the sake of clarity, we recall that
assumption (A3) is satisfied if for every ¢ = 1,..., N, either
the set ; is compact, or the function F;(x;, £)+ 2 A;x; —b|?
is inf-compact for any given §~ and b. The latter condition,
means that the level sets of the function are compact sets, im-
plying that the set {x; € X; : Fi(x;,€) + £||A;x; —b|> < a}
is compact for any o € R.

Assumption (A4) includes the stepsize condition from
ADAL, i.e., the fact that 7, < L. Moreover, the conditions
that the stepsize sequence should be square-summable, but
not summable, are typical in relevant stochastic approxima-
tion literature; see, e.g., [26] for a comprehensive overview.
Assumption (AS5) is the typical assumption that p > 0, which
is necessary in all augmented Lagrangian methods.

Assumptions (A6)-(A8) are necessary to prove the a.s.
convergence of SADAL. The zero mean assumption is a
common assumption ensuring that the presence of noise does
not introduce bias in the computations in the long run, while
the bounded variance assumption is a mild technical condition
that is needed to guarantee the convergence of the iterative
procedure. Assumption (A7) is necessary to establish the a.s.
convergence of a supermartingale sequence that we construct
to show the a.s. convergence of SADAL; similar assumptions
have been used in the existing literature, e.g., [33, 47, 48].
Assumption (AS8) is used to guarantee that SADAL indeed
converges to the optimal set of the original problem (1);
see, e.g., [49]-[51] for a range of applications where this
assumption can be valid.

Essentially, assumptions (A6)-(A8) require that the noise
corruption terms appearing in the local AL computations
vanish in the limit; relation (23) also requires that the noise
terms €¥ vanish “quickly enough”. Note that we do not impose
any decrease conditions on the noise terms u? that appear in
the dual update step of SADAL, cf. (15) and (19). An intuitive
explanation about the different assumptions on the noise terms
can be reached if we recall that in the AL framework we
perform gradient ascent in the dual domain, where the gradient
of the dual function at each iteration is given by the residual
of the constraints. For instance, the AL method (cf. Alg.
1) can be viewed as the proximal point method applied to
the dual problem [1]. In classical stochastic gradient descent
methods it is not essential that the gradient noise terms vanish
in the limit, just that they are unbiased. This is exactly the
case here; for the noise terms ui-“ that directly affect the
residual calculation (the gradient of the dual function) we
only require that they are unbiased, cf. assumption (A6).
However, we cannot guarantee the same unbiased behavior
for the noise terms v};, w¥, and e} that appear in the local
AL computations, since the effects of noise corruption can
propagate and affect the dual gradient in more complicated
ways that may cause bias. While this work constitutes a first
effort to address the presence of noise within ADAL, it is



certainly an interesting topic to characterize the error bounds,
in terms of optimality and feasibility, for scenarios where the
aforementioned noise terms do not necessarily vanish in the
limit, or even propose alternative algorithms that allow us to
relax the decrease conditions.

To avoid cluttering the notation, in what follows we will
use the simplified notation ), to denote summation over all
i€l ie ), = Zf\il, unless explicitly noted otherwise. We
use NMx(x) to denote the normal cone to the set X' at point x
[40], i.e.,

N)((X) = {h eR™:

We also define the auxiliary variables:

<h,y—X>§0, VYeX}

AT = A 4 r(E9), (24)

available at iteration k.

Note that, in the following analysis, the various primal and
dual variables at each iteration k are essentially functions of
the entire history of the generated random process up to that
iteration and, hence, are random variables. With that in mind,
recall that (2, F, P) is our probability space, and let F; C
Fo C ... denote an increasing sequence of sub-o-algebras of
F, with F}, denoting the sub-o-algebra pertaining to iteration
k

Fr = 0({ x5, yE AL X g owg, kL LA

7

s—1 s—1
51‘ W, 5,V

fj_l, i 7ef_1;i,j€I,1§s§k}>_
(25)

The main idea behind the convergence proof is to show that
the sequence {¢(x*, A*)}, defined as

o(x"A") = pZIIAi(Xf—XZ-K)II2

Lk 1 k
+ —[A "+ p(1—-)r(x") —
o (1=2)r(x%)

(26)
A7,

converges a.s. to some finite random variable ¢. Note that (26)
is almost the same as (11), with the only difference being that
we have now replaced 7 with its upper bound % in the term
involving the dual variables. To establish the a.s. convergence
of {¢(x*,A")} in the stochastic setting, we will make use
of the following theorem from [52], which is called the non-
negative almost-supermartingale convergence theorem.

Theorem 2: Let (2, F, P) be a probability space and F; C
F, C ... be a sequence of o-subfields of F. For each
k=1,2,...,1et (x, xx, Yk, Nx be nonnegative, Fj-measurable
random variables such that

E(Cr+1|Fk) < (L+n01)Ck + Xk — Yk

If 5%, < oo and 37° x1 < oo hold, then limy_,
exists and is finite almost surely, and > ¢ < oco.

27)

Essentially, in what follows we prove that {¢(x*, AF)} is
such a non-negative almost-supermartingale. Then, we use this
convergence result to infer that, for almost all w € (2, the
sequence of dual variables {\*(w)} converges to an optimal
solution of problem (3), and that any sequence of primal

variables {x*(w)} generated by SADAL has an accumulation
point, and any such point is an optimal solution of problem (1).
In the following lemma, we utilize the first order optimality
conditions for each local subproblem (12) to obtain a first
result towards proving the a.s. convergence of the sequence
{o(x*, AN}

Lemma 1: Assume (Al)-(A3). Then, the following in-
equality holds:

1<5\’“ AT AR S\k> >

pz< x - X ZA

J#i

- 3 [(aee o)

LR — R+ F(EE ) - E—(xzﬂ,séﬂ)},

%)) (28)

ok
where (x*, A") is a saddle point of the Lagrangian L and X ,
X% are calculated at iteration k.

Proof: The first order optimality conditions for problem (12)

imply the following inclusion for the minimizer X¥

0 € O, Fy(xE,eF) + ATAY

+ pAT (Aifcf' +5 AL -
J#i

(29)

We infer that subgradients s}, € Oy, Fi(xF,£F) and normal
elements z¥ € Ny, (X¥) exist such that we can express (29)
as follows:

0 = sk + ATA + pAT (AxE+D" A,
i

ig_b) + zF.

Taking inner product with x} — %¥ on both sides of this
equation and using the definition of a normal cone, we obtain

b),x}‘—fcf>

(30)

(shAATA] + pAT (At + 3" ARl -
J#i
= <—z§,x%k —)Acf> > 0.

Usmg the variables )\ defined in (24) and also substituting
)\ from (16)-(17) in (30), we obtain

(s, + AT [x’“ oY A

J

T wh ot p(Aifcf n ZAjig)} X — xk>

1]7

o
IN

J#i
= <s’1% + AT (wh + vafj)
JFi
+AT [5\’“ +o( D A — ZAJ-&?)} X - xb).
i#i i

From the convexity of F;, we have that Fj(x},&F) —

Fiy(%F,&F) > sp,(%;)7 (x; — %¥), so the above inequality can



be expressed as

Fi(x;,€8) = Pk €) + (wh+p v G31)
J#i
+A +p(ZAx ZAX) X—Xk)> > 0.
J#i J#i

The assumptions (Al) and (A2) entail that the following
optimality conditions are satisfied at the point (x*, A*):

0€0fi(x}) + A X + Ny, (x}), Vi=1,...,N.

Inclusion (32) implies that subgradients s € Jf;(x;) and
normal vectors z; € Ny, (x]) exist, such that we can express
(32) as:

(32)

0=s} + A/ X +2

Taking inner product with X¥ — x} on both sides of this
equation and using the definition of a normal cone, we infer

<SZ+A?A*,?<?*X;-*> >0, Vi=1,...,N,
or, using the convexity of f;,
Ji(&E) = i) + (ATN & =x1) = 0,

for all i = 1,...,N. Denoting ef = w¥ + PO ki Vi, cf.
(22), and combmlng (31) and (33) we obtain the following

(33)

inequalities for all ¢ = 1,..., N:
<)\* A" — € fp(ZAx ZA ) (%] fx)>
J#i

> filx}) = Ji&) + Fi(% i,«séﬂ -
Adding the inequalities for all 7 = 1,...,
terms, we get:

(VA ARE-x) 2
p3 (Aukt = Aot Y - 2)
i i

Y [<Ai<f<f —xi).eb)

R — &)+ R € - E(xz,gf)].

N and rearranging

(34)

Substituting > | A;xf =b and Y | A;%E
)\k) in the left hand side of (34), we conclude that

1<5\’“—,\*,>\’“ _ 5\‘“> >

p
pZ<A % XZ),ZAj(x;?—)A(?)>
i i

o [(hit -t

) — FiRE) + Fi(E € - Fi<x3,55>]

as required. |
In the next lemma, we further manipulate the result from
Lemma 1 to bring us one step closer to proving the a.s.

convergence of the sequence {¢(x*, A¥)}. To avoid cluttering
the notation, in what follows we denote the rightmost term in
(28) as

ok = Z[<Ai(if—xf),6?>

Fi(%, b - Fi<x:,ff>].

(35
+ fi(x)) = fi%F) +

Lemma 2: Under assumptions (Al)-(A3), the following
estimate holds:

(xF —x) A — #)) 1 LaE Ak
zi:p<Al(x7. X1)7AZ(X1 Xz)>+ p<>‘ >‘ aA A >
> 3 plAt — =) + %I\Xk

+ <5\k—)\k7r(xk)—r(§ck)> + aoF.

— A2 (36)

Proof: Add the term p ). <Al(§cf —x7), A (xF — xk)> to
both sides of inequality (28) from Lemma 1, to get

pZ<A X
> pZ< (& —x] Ai<x§ff<f>>
+pZ< ZA X; —xf>—|—ozk.

J#i

), A(xt = xb)) + %<Ak PR

Grouping the terms in the right-hand side of the above
inequality by their common factor, we transform it as follows:

pZ< (xF —x; Ai(xf—f(f)>—|—
> pz< ZA X; —xk> + a*.

Recall that Y, A;(xF —%¥) = r(x¥) — r(x"). This term does
not depend on the summation over ¢ in the right hand side of
(37). Moreover, ZZ A;x} = b. Substituting these terms at the
right-hand side of (37), yields

pz< (xF —x; Ai(xf—f(f)>+
> p<ZAZX —x7),r(xF) — r(xk)> + oF

%

= p< ZAzfcf —b,r(x") - r(f{k)> + oF

i

%<>\’“ AT AR - 5\’“>

(37

1<>\’€ AT AR 5\’“>

~k X
= <>\ ~ONFr(xb) — r(fck)> + ok, (38)
In a last step, we represent
(AR} — Ax)) = (Ax] — Ax)) + (AR] — Aix))
and A=A = (F A+ (A - Ak



in the left-hand side of (38). We obtain

i

R 1, .k
> Y pllAxE %D + ;IIA =AM
+ <;\k—/\k,r(xk)—r(>2k)> + aoF,
as required. ]

To avoid cluttering the notation, in what follows we use the
following variable

A= 2k 4 p(l— é)r(xk) 39)

Note that X" appears in the term containing the dual variables
of our stochastic Lyapunov/Merit function ¢(x*, A¥), cf. (26).

Lemma 3: Under the assumptions (A1)-(A3), the follow-
ing estimate holds

1/-% ~k
E (xFx®) A (xFE - &F - D L
i p<AZ(xz x7), Ai(x; xl)>—|— p</\ AT =X >
p ko oky2 o L oak_ aF2 L ok
> —JA(xf — % + —|IA =X |7 +af,
S Bl =%+ A = A

3

where the A" are defined in (39).
Proof: Add the term p(1 — %)<r(xk)7 %()\k Y

%)<r(xk), —r(f{k)> to inequality (36) to get:

k

)) = p(1-

ZP<A1‘(X§ —xF), Ay(xF —x§)> I %<5‘k I j\k>

> 3 pllAs(xE - xB)? + %nx’“—x’fn? Lok o)
K 1
A AR p(xF) — r(&F)) — p(1 = = kY r(x5)).
+( () = r(%)) = (1= ) (e(),x(5))

Isolate the term <5\k — A r(xb) — r(fck)> — p(l —

%)<r(xk),r(§<k) at the right hand side for a bit. We ma-

nipulate it to yield:

= p<r(§<k),r(xk)7r(§<k)> - p(1— )<I‘(Xk)ar(§<k)>

p(r(), 1) = r(5)) = (1= Dplle(x)|?

~ 1.1 4~
(A XN A ) - (1= A" AP,
q'p

Then, (40) becomes:

S Adlxt = x0), Al — %)) + %<>\"‘ AT AR 3\’“> Zp<Ai(x§ - x7), Ailxt - x5)) + %<5\k AT AR 5\’“>

1

R ok
> ) pllAi(xF —x)[1P + il =) (41)

Lysk i k_ ok k
—|—7<)\ - A", Aixi—xi>+a’.
ok
The terms %<)\ — N A (xE - fcf)> can be bounded below
by considering
1
q

?

ok
<A R A (xE - fc’f“)>
1 PN T k|2
> =5 (pllAGE =P+ o I = ANP).
Summing the inequality over all ¢, we observe that the quantity

JFk o .o
|A; — /\f |2, where )\; indicates the Lagrange multiplier of the
j-th constraint, appears at most ¢ times. This is because

=1 q
Lonsm gh gk k_ ok
= =) ) (A =M [A] - %))
753 j=1
1N ok N
- 620‘] — A [Ai(x! - %)),
j=1 i=1

Thus, recalling that ¢ denotes the maximum number of non-
zero blocks [A;]; over all j, we can conclude that each term

~k . .
[A; — /\f||2, j = 1,...,m appears at most ¢ times in the
summation. This observation leads us to

N
> 1<5‘k — N A (x] - Xf)>

i=1 q

1 L 1 <k
> 5 (oAt -+ IA - xR),

(42)

Finally, substituting (42) into (41) we get

ZP<Ai(X§ —x}), A (xF — xf)> + %<5\k — A A - Xk>

p . 1 ok
> DO GIAE = KDIP 4+ 5 IN = AT ol

K2

which completes the proof. ]
Now we are ready to prove the a.s. convergence of our
Lyapunov/Merit function ¢(x*, A*) by utilizing the almost-

supermartingale convergence result from Theorem 2.

Lemma 4: Assume (A1)-(A7). Then, the sequence

N
* L5k *
G0N = DD pl A =X+ SN - NP @)
=1



generated by SADAL converges a.s. to some finite random

variable ¢. Moreover, for all i = 1,..., N we have
r(x%) oo
and A% 55 Axb

L2
where — denotes mean-square convergence.

Proof: First, we show that the dual update step (15) in the
SADAL method results in the following update rule for the
variables Xk, which are defined in (39):

A Tepr(XF) + TkpZufH 44)
Indeed,
)\k;Jrl _ )\ +7'ka‘( k+1)
= A+ Tkﬂ[l‘(yk-H) + pz uf“}
X 1
= A+ Tkp[(l - 5)r(xk) + —r(x*) + pZuf“}

= Ay { -(1- é)p(r(ik) - F(Xk>)
) + pzuk-&-l}
- (- %Wk (r() — r(h))

k) + TkpZuf'H,

9

+ pr(x

= Ak

+ Tpr(x

where the third equality follows from the definition of the
y**1 variables in the primal update step of SADAL, cf. (13).

Adding (1— %) pr(x*) on both sides of the above relation and
rearranging terms, we obtain

AR (1—=)p [r(xk) + Tk (I‘()A(k) - I'(Xk)>:|

)pr(x %) +Tkp2uf+1.

%

1
q
+ (1 - ") + Tpr(

1
q

The left hand side of the above is equal to At by definition

(39) and the fact that r(x**1) = r(x*) + 7, (r(x*) — r(x")).
Hence, we arrive at
- 1 ) .
S A (1- g)pr(xk) + Tpr(XF) + TkpZufH
7k: ~ !
= X' 4 mpr(x

M+ mp > ulth
7

as required.

Using (44), we can now evaluate ¢(x*+1, ;\k+1) as

¢( k+1 S‘k+1) _
= ZpIIA
ZPIlAz’(X?—X?) + AR — X))

) Y
%

Expanding the right hand side of the above relation, we get

N
) =D Al = x)IP +
i=1

L5 .
A MP+;ﬂﬁ“—AH2

15 .
+ ;Hx\k — X" + 1pr(x

_ 1 _
JC IR =
P

N
= 2m |0 ) (Al - x), Al - %))
=1
- XY= A pr(xF) +p uk+1>
SX >
N
+7']3 Zp”Az(f(f—xf”P f||pI‘ +pzuk+1|2‘|
=1

After expanding the very last term on the above and recalling
ok
the definition A" = A* + pr(x*

¢( k+1 XkH) _ ¢( k *k)

- QTk[pZ< (xF —x: 7Ai(X?_f<f)>
— ;<5\k " or(% +pzuk+1>1
A <P+

2 /:k 1
S CEEO SRS D Wt

), cf. (24), we arrive at

ok
+ 7 ;H)\ = 2F|?

We use Lemma 3 to substitute  the  term
— 2 (Adxt — x), Akl — kb)) - 2N -
A", pr(x*)) with its lower bound in the above relation, to
arrive at

¢(Xk+1 Ak+1) < qs Xk7 )

Tk
ZPTk—Tk [|A(xf = %7)]1> = (q—ﬂf
+o2m (A=A a2 (AT - Y )

+ pritle ) uit?

)

1 ~k
)= [[AF = A"|2
p

— 21t (45)

Now, take the conditional expectation E;, (with respect to Fy,)
on the above relation. First, by the definition of Fj in (25),

we get that
<;\’“—>\*, EkZuf+1> — 0,

]Ek<5\k—)\*,2uf+1> =



where in the last equality we used the zero-mean assumption
(A6) for u**'. Moreover, it is true that

IEk<)\ b Zuk+1> — Eypr(k

T, Zuk+1 .

(47
This follows from the following facts. The terms r(%x*), and
Zi uf“ are conditionally independent (recall from (19) that
u**! denotes the noise in the message exchanges for the dual
updates). Moreover, due to assumption (A3) the minimizers
%¥ belong to compact sets for all i = 1,..., N, hence we
have that Eyr(%*) < oo. Finally, assumption (A6) implies
that E; 3, uftt = 0.
Thus, after taking the conditional expectation of
(b(xk*l,)\k"’l) with respect to Fj, and using (45)-(47),
we get that

Ek¢<xk+17 AkJrl) S ¢(Xk,)\k)

— Bi | Y ol — )| A (xF — %F)|]?

Tk 1 k Kk
+ (;_TI?);H)‘ —A ||2—Tgp|zuf+l||2+27kak]'

%

Consider the term —27,E;a”, and recall from (35) that
aF =37 [(AG(X] —x7), €F )+ fi(x)) = [i(XF) + Fi(%f, &) —
Fi(x},&)|. By the definition of the functions F; and f;, cf.
assumption (A1), we have that

Be[fi(x0) = fi(&E) + Rk, €6) = Filxi, €5)] = 0, @)

for all ¢+ = 1,...,N. Note that, according to the definition
of the sub-o-algebra Fj, in (25), the conditional expectation
in (48) is taken with respect to both the random variables x¥
and £¥. Hence, to see why (48) is true, we need to consider
the tower property of conditional expectation, which states
that for some random variable X and some sub-o-algebras
S C S C F we have E(X[S;) = E(E(X[S2)|S1). Now,
recall that assumption (A1) essentialy says that E (F;(x;,&;) —
fi (xi)|xi) = 0. Then, (48) holds true from the tower property
for S; = Fj and Sy = Fj, U o(xF).

Hence, we have that
—2TkEkak = — 2TkEk Z <1AZ()A(1c — X:), Ef>

Now, by assumption (A6) we have that Ej(A;x})Tel =0 =
Ex(A;x¥)TeF, since Epef = 0 and the fact that € and x*
are condltlonally independent given the definition of Fj in
(25). Thus, we can substitute A;x; with Aixi-C in the term

involving e in the above relation, and then use the fact that
—2(A(x} — x}), €]) SlIAGXE = xP)|I? + Cllef||?, for

any C' < oo, to get

Ek¢<xk+1,Ak+l) < (ZS(Xk,Ak)
N

1 L
+Ek[ ne Y (GIAGRE = <hIP + Clel?)
=1
Sl — 72l As(xE - )2

Tk 1 <k
(% = )2 = A 4l }
7

which, after rearranging terms, can be expressed as

Epg(x" LA < o(x",AY)

L, o T E k2
b= (m2 = )R AP - A
p(k q) I |

(49)

N
1 N
+ [prE = (o= Z)melEn > Aot = )|

+ CZTk]EkHG 1> + pri ]EkHZu’““HQ

i=1

We can now recall Theorem 2 and observe that relation (49)
is of the form (27), with

m = 0,
= O L + o ot
=1
A 7' ok
+ pT;flEkZHAi(X —xD)I” + ?k]EkH/\k—/\ 1%,

;=1

11 N

(p = G)7Ex D A (i — %)
=1

ok
X2

U =

+ BRIk
qp

By assumption (A5), we have that (p — é) > 0, and by
assumption (A4), we have that % > 0. Hence, the variable
1k, is nonnegative at all times, as required for the application
of Theorem 2. Moreover, by assumption (A6), we have that
Er|| 3, ubt2 < My < oo for all iterations k: =12,...,
and by assumption (A4) we have that Zk Tk < oo, from

which we infer that Y ,=, p72 Ei|| Y, uk“||2 < oo.
Furthermore, note that the random variables || A; (x¥ —%F)
for all i € Z, and || A* — A" 1|2 = ||pr(%x*)||? are bounded for
every k. This is because the iterates X belong to compact
sets for every ¢ € Z and all k, due to assumption (A3).
From the fact that x’chl is a convex combination between
XF and x¥, cf. (13), and given that the initial value x;
is bounded, it is straightforward to show by induction that
the sequences x¥ remain bounded for every 7 € Z. Hence,

we have that Ekzz LA (xE — %[> < My < oo, and

Eg||A* - A" ||> < M3 < oo for all iterations k = 1,2,.... We
2

infer that 3°3° | [kaIEk S 1A (e =) + ZEE|[AF -

A Hzlr < o0. In addition, by assumption (A7) we have that

C> iy >ore TkEx||€F||? < oo. These facts combined lead
o0
to Y poq Xk < 00.

[



Thus, the conditions of Theorem 2 are satisfied. We con-
clude that the sequence {¢(x* ,_)\k)} converges almost surely
to some finite random variable ¢. By Theorem 2, we also have
that

> |-

k=1

ol TkEkZHA — %)
=1

~k
+ ;iEkHAk—A 2] < .

The random variables ||A;(x¥—%%)||2 for all i € Z, and || A*—

H2 = ||pr(x*)||? are integrable, due to the aforementioned
arguments about their boundedness. Hence, we can use the law
of iterated expectation on the above relation which, combined
with assumption (A4) that states 22021 T = 00, finally gives

2 2
us that r(%%) =5 0 and A%F 55 A for all i =
1,....N. m

We are now ready to prove the main result of this paper.
The central idea behind the following proof is to show that
there exists a subsequence over which {¢(x*, A*)} converges
almost surely to zero. Then, we use the result of lemma 4,
which states that {gb(xk , )\k')} converges a.s. over all k to a
finite limit, to infer that the generated sequences of primal and
dual variables converge to their respective optimal sets almost
surely over all k.

Theorem 3: Assume (A1)-(A8). Then, the SADAL method
generates sequences of dual variables {\*(w)} that converge
to an optimal solution of problem (3) for almost all w € .
Moreover, any sequence {x*(w)} generated by SADAL has an
accumulation point and any such point is an optimal solution
of problem (1) for almost all w € €.

2
Proof- In Lemma 4, we proved that r(x*) 5 0 and

Akt AxE forall i = 1,...,N. It is known
that the mean square convergence of a sequence of random
variables implies convergence in probability, which in turn
implies that there exists a subsequence such that a.s. con-
vergence holds. Hence, there exists a subsequence Ky C K
such that Aif(i? 25 Al-xi-C for £ € Ky holds. Similarly,

r(x%) L% 0 over KC1, which in turn means that there
exists a sub-subsequence Co C Ky such that r(%*) % 0
for k € K,. Hence, we have that {r(x"(w))}rex, and
{AxF(w) — Aix¥(w)}kex, converge to zero for almost all
w. Combining these two results, we infer that r(x*) <% 0
over ICq, also.

Recall from (15) that the update law for the dual sequence

is AP = \F 4 ka(Zl LAy ~k+1 b) where Azyk"'1 =
Alka —|—u’€+1 cf. (19). Combmmg these two, we have that

N
1Y 4 o, Z uhtt,

i=1

By definition (14), it holds that A;y* ™ = A;x¥ 4 1 L(AX]
A;xF). Thus, using the results that r(x*) and r(x*) converge
as. to zero over Ky, we infer that r(y*®) % 0 over K.

Ak+1

=24+ kar(yk (50)

Moreover, from Chebyshev’s inequality we have that for every
0 > 0 the following holds

P(|p7ku’.“+1\ >5) < P2T§EHU§HH2

02 ’
From assumption (A6) we have that IE||uf+1||2 < My <
oo for all k which, combined with assumption (A4), gives
us that > 22, p?7PE[uftt|? < oo. This implies that
Sore g P(|p7kuf+1\ > 5) < 00, and by the Borel-Cantelli

lemma this means that pmuiC 2% 0. This, combined with

the previous result that r(y*) “% 0 over Ky and the a.s.
convergence of {¢(x", \F )} from Lemma 4, gives us that the
dual sequence {A\*}rck, (50) converges a.s. to some finite
limit p, i.e., Pt nover Ko.

From assumption (A3), all sequences {%X¥(w)},i=1,... N,
are bounded. This, combined with the fact that the x’“+1
is a convex combination between x¥ and x¥, cf. (13), and
given that the initial value x! is bounded, means that the
sequences {x¥(w)}, i = 1,... N, are bounded also. This in
turn implies that the sequences {x¥(w)} have accumulation
points %;(w), which are also accumulation points of {%XF(w)}
due to the update step (13) of SADAL. We can choose a
subsequence K3 C Kz so that {x¥(w)}rex, and {X5(w)}rex,
converge to X;(w) for all i = 1,..., N. Denoting X(w) =
[il(w),...,iN(w)]T, we observe that the point X(w) is
feasible due to the closedness of the sets A; and the continuity
of r(+).

For any ¢ = 1,..., N, consider the sequence {s’}l (W) heks-
The subdifferential mapping x = Jf(x) of any finite-valued
convex function defined on R is upper semi-continuous and
has compact images. Therefore, the sequences {s’} (W) Yreks
have convergent subsequences due to a fundamental result
that goes back to [53]. We can choose Iy C K3 such that
{sf w)}rek, converge to some Sy, (w) C 8 f;(X;(w)) for all
1=1,...,N and almost all w.

We recall that the optimality conditions for each subproblem
i=1,...,N, cf. (29), take the form

+ATAY 1 AT (At +>" A% —b) + 2k,
J#i

Gathering all the noise terms, the above equation can be

equivalently expressed as

sho+ ATAF 4 pAT (A,;fcﬁZij;ub)
J#i

D

_ ok
0 = sp,

0 =

+ ef—kwf—kvafj + zf. (52)

J#i

noise terms

From assumptions (A6)—(A8), we have that the noise terms
ef +wi +p)>; ., vi; converge to 0 as. as k — oo. Hence,
passing to the limit over K4 in (52), we infer that each
sequence {zF(w)}rex, converges to a point z;(w), for all
i=1,...,N and almost all w. The mapping x; = N, (x;)
has closed graph and, hence, z;(w) € Nx,(x;(w)) [40,
Lemma 2.42]. After the limit pass in (52) over k € K4, we
conclude that

0=5s(w) + A p(w) +7w), VYi=1...,N.



for almost all w. These relations are exactly the optimality
conditions of each ¢ € Z for the saddle point of the original
problem (1), cf. (32). This result, together with the feasibility
of X(w), implies that X(w) is a solution of the primal problem
(1) and p(w) is a solution of the dual problem (3).

Due to the continuity of ¢(-), it follows that {¢(x*, A¥)}
converges a.s. to zero over K4. Combining this with the result
that {$(x*, A*)} converges a.s. to some finite limit for all k =
1,2,... from Lemma 4, we infer that {¢(x*, A¥)} converges
a.s. to zero for all k = 1,2,.... This further implies that the
terms ||A;x* — A;x* |2 for all i € T and | A" — X*||2 converge
a.s. to zero for all k = 1,2, ..., due to the nonnegativity of all
these terms in ¢(-). Hence, we infer that A;x¥ — A;x¥ % 0
for all « € Z, and S\k Ll Combining the result that
A;xF — Ax; “% 0 for all i € Z with the definition r(x*) =
>, A;x¥ —b and the fact that the optimal solution is feasible
> Aix; = b, we get that r(x*) “* 0. Hence, after recalling
that X* = AF 4+ p(l — é)r(xk) by the definition (39), we
can use the results A" %% A* and r(x*) %% 0 to infer that
A converges a.s. to A* forall k =1,2,..., as required. W

V. NUMERICAL EXPERIMENTS

In order to verify the validity of the proposed method, in
this section we present numerical results of SADAL applied
on a network optimization problem. Consider an undirected
graph G = (N, A) with a set of nodes N and a set of arcs
A. The set of nodes consists of two subsets N = {S, D},
where S is the set of source nodes and D is the set of
destination nodes. Let s; denote the flow generated at source
node ¢ € S and ¢; > 0 denote the reward coefficient for
s;. Each s; is subject to a minimum threshold constraint
s; > sMn" where the s7"" is a problem parameter. Also,
let ¢;; denote the flow through arc (i, 7). Each arc (7,5) has
a feasible range of flows a;; < t;; < b;;, where a;j,0b;;
are given numbers. Denote the neighborhood of node ¢ as
Ci={j:(i,j) € A}. The conservation of flow at each node
i € S is expressed as } (. coy bij — Doqjjiec;) tji = Si- The
problem we consider is a network utility maximization (NUM)
problem, where we seek to find routing decisions ?;; that
maximize the amount of flow generated at all source nodes,
subject to flow conservation, arc capacity, and minimum flow
generation constraints. The NUM takes the form

max E C;iS;

€S
subject to Z tij — z tjy =5, ViesS
{7eci} {jliec;}
Qjj < tij < bi]‘, A (Z,]) S A,
s; > 8™ YieS.

In our consideration, the destination nodes are modeled as
sinks and can absorb any amount of incoming rates. Hence,
no flow conservation constraints are necessary for these nodes.
Note that, if some nodes are neither sources or destinations
then we set the ¢; and s equal to zero. Note also that
for this problem the distributed agents are all the source
nodes ¢ € S. Moreover, the local constraint sets are X; =

N
1 “~
AL

5 2
(a) (b)

25 3

Fig. 1. A randomly generated network for the NUM problem with 50 sources
(red dots) and 4 sinks (green squares): a) All available arcs (3,j) € A are
depicted as blue lines, b) Flow routing decisions after solving the problem
with SADAL. The rate of flow ¢;; through arc (i,5) defines the thickness
and color of the corresponding drawn line. Thicker, darker blue lines indicate
larger flows.

{Si,tij € R, VJ e N : s > Sznin’ Q5 < tij < bij},
for all source nodes ¢ € S, while the coupling linear
constraint set consists of the flow conservation constraints
Z{jeci} tij — Z{j|i€Cj} tji =g, forall i € S.

In what follows, we consider normalized rates s;,%;; €
[0, 1], without any loss of generality. The parameters ¢; and
s™" are randomly generated by sampling uniformly in the
intervals [0.1,1] and [0,0.3], respectively. Unless otherwise
noted, the penalty parameter is set to p = 1. Moreover, observe
that ¢ = max; |C;| and, according to the presented convergence
analysis, the stepsize 7 of ADAL and the initial stepsize 7
of SADAL must be less than 1/¢. In all simulations, the
objective function value ) ;¢ c;s" and the maximum residual
max; r¥ = max; do(jeci} th — 2o (jliec;} th — sf), ie.,
the maximum constraint violation among all the flow con-
servation constraints j = 1,...,m at each iteration k, were
monitored as the criteria of convergence. The examined net-
works were randomly generated with the agents uniformly
distributed in rectangle boxes. All the simulation results that
are presented in what follows correspond to the network
configuration depicted in Fig. 1(a). For reference, the typical
routing decisions obtained after solving this problem with
SADAL are depicted in Fig. 1(b).

In Fig. 2 we present simulation results for different levels
of noise corruption and compare them with the determinis-
tic solution from ADAL. The simulations We consider two
cases with different variances of the noise terms, labeled
“easy” and “hard”; in the hard case all the noise terms
have larger variance, compared to the easy case. In both
cases the noise terms are modeled as uniform random vari-
ables. For the “easy” case, the noise corruption terms are
modeled as follows: vf; ~ LU(-0.1,0.1), and wf ~
2rU(=0.1,0.1), where U(u,v) denotes the uniform distri-
bution with support [u,v]. Here, u* is a coefficient that we
introduce to make the noise terms decreasing; we initially
set 4! = 1 and then every 5 iterations we increase j by
one, ie., {u}p>, =41,1,1,1,1,2,2,2,2,2,3,... }. The non-
decreasing noise terms are generated as u¥ ~ U(—0.03,0.03),
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Fig. 2. Comparative simulation results for different noise levels. We
consider the noise-free case (deterministic) where ADAL is applied, and two
noise scenarios, labeled “easy” and “hard” (larger noise), where SADAL is
applied. a) Objective function convergence, b) Maximum constraint violation
convergence.

and the noise in the linear objective functions is modeled
as &8 = c¢;pk, where pf ~ ;TU(—O.S,O.?)). For the
“hard” case the random variables are generated according
to vij ~ xU(=02,02), wi ~ U(-02,0.2), uf ~
U(-0.05,0.05), and p} ~ zU(-0.7,0.7). In both cases,
the stepsize sequence 7y is defined as 7, = 1/(qv*). The
sequence v* is generated similar to u*, with the difference

that we increase it by one every 30 iterations.

Not surprisingly, the results of Fig. 2 indicate that the
stochastic problem converges slower than the noise-free case.
On the other hand, the difference in the noise levels does
not appear to affect the convergence speed significantly, at
least for the two different noise scenarios studied here. We
can also see that the residual (feasibility) convergence of
SADAL slows down significanlty after reaching accuracy
levels of about 1073, To put these results into perspective,
note that, at iteration k¥ = 1000, the noise term vf» in the
message exchange from agent ¢ to j is distributed according
to vf; ~ 1073U(—0.5,0.5). Now, consider that this is the
noise just from one neighbor, however, each agent ¢ has
multiple neighbors, which means that the noise corruptions
add up; the generated networks typically have a neighborhood
size of about 5 or 6 for each node. Thus, there exists a

(relatively) substantial amount of noise corruption even at

iteration 1000 (recall also that the u’ noise terms do not
decrease), which should be taken into consideration when
evaluating the convergence results of Fig. 2.

In order to test how the choice of stepsize sequences {74}
affects the convergence, we have performed simulations where
the v* is increased every 15, 60, or 100 iterations. In all
cases we do not let the stepsize 73 decrease below 0.01, i.e.,
7 = max{1/(qv*),0.01}. For completeness, we also test
SADAL for a constant stepsize 7 = L although this is not
consistent with the assumptions of the algorithm. The results,
corresponding to the “hard” formulation, are depicted in Fig. 3.
We observe that the convergence of SADAL is not significantly
affected by the choice of stepsize sequences, albeit stepsizes
that decrease faster seem to exhibit a slightly better behavior
(keep in mind that we do not let the stepsize decrease below
0.01). Moreover, the constant stepsize choice produces an
oscillatory behavior and does not lead to convergence, which
is in accordance with the theoretical analysis.

Finally, we examine how sensitive SADAL is to the choice
of the user-defined penalty coefficient p, at least for the
problem under consideration here. Fig. 4 depicts simulation
results of the “hard” noise scenario for p taking the values
0.3, 1, 3, and 10. The ,uk is increased every 5 iterations,
and v* every 30 iterations. We observe that convergence is
not significantly affected by the choice of p, apart from the
smallest value case p = 0.3 which lead to a more “oscillatory”
behavior.

VI. CONCLUSIONS

In this paper we have investigated distributed solutions for
a certain class of convex constrained optimization problems
that are subject to noise and uncertainty. In particular, we
have considered the problem of minimizing the sum of local
objective functions whose arguments are local variables that
are constrained to lie in closed, convex sets. The local variables
are also globally coupled via a set of affine constraints. We
have proposed an iterative distributed algorithm that is able
to withstand the presence of multiple noise terms that affect
both the computations and the communications. To the best
of our knowledge, this is the first attempt to consider this
class of problems in the context of distributed stochastic
approximation techniques. Moreover, the proposed method
is based on the augmented Lagrangian framework, which is
well-known to be a very efficient approach for optimization
in deterministic settings. Compared to existing distributed
stochastic AL approaches, our method studies a more general
framework, by allowing N > 2 and considering multiple
noise terms that appear in all computations and all message
exchanges at the same time. We have established conditions
under which our method is guaranteed to converge a.s. to the
optimal sets in both the primal and dual domains.
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