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Abstract— We consider distributed convex optimization problems that involve a separable objective function and nontrivial
convex local constraints, such as Linear Matrix Inequalities
(LMIs). We propose a decentralized, computationally inexpensive algorithm to solve such problems over time-varying
directed networks of agents, that is based on the concept of
approximate projections. Our algorithm is one of the consensus
based methods in that, at every iteration, every agent performs
a consensus update of its decision variables followed by an
optimization step of its local objective function and local constraint. Unlike other methods, the last step of our method is not
a projection to the feasible set, but instead a subgradient step
in the direction that minimizes the local constraint violation.
We show that the algorithm converges almost surely, i.e., every
agent agrees on the same optimal solution, when the objective
functions and constraint functions are nondifferentiable and
their subgradients are bounded.

I. I NTRODUCTION
Decentralized optimization has been extensively studied
in recent years due to a variety of applications in machine
learning, signal processing, and control for robotic networks,
sensor networks, power networks, and wireless communication networks [1]–[4]. A number of problems arising in
these areas can be cast as distributed convex optimization
problems over multi-agent networks, where individual agents
cooperatively try to minimize a common cost function over
a common constraint set in the absence of full knowledge
about the global problem structure. The main feature of
carrying these optimizations over networks is that the agents
can only communicate with their neighboring agents. This
communication structure can be cast as a graph, often
directed and/or time-varying.
The literature on distributed optimization methods is vast
and involves first-order methods in the primal domain, the
dual domain, augmented Lagrangian methods, or Newton
methods, to name a few. In this paper, we discuss methods that are more closely related to the method under
consideration. Among those, one of the most well-studied
techniques are the so called consensus-based optimization
algorithms [5]–[13], where the goal is to repeatedly average
the estimates of all agents in a decentralized fashion in
order to obtain a network-wide consensus. Between the
averaging steps, each agent usually performs a single local
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optimization step and the goal is to use the local information
to cooperatively steer the consensus point toward the optimal
set of the global problem.
Decentralized algorithms that fall in this class of methods
can be distinguished based on which averaging scheme or
optimization method is used, and in which space (primal
or dual) the iterates are maintained. All these algorithms
often require expensive optimization steps or projections
on a complicated constraint set at every iteration. Such
intensive computations, however, shorten the lifespan of
mobile network systems, such as wireless sensor networks
or robotic networks.
In this work, we describe and prove convergence of a new
decentralized algorithm with low computational complexity.
Our work in this paper is an extension of the author’s
previous work [14]. Specifically, we use the same local
information exchange model and gradient descent algorithm
as in [14], but a different projection method motivated by
the work in [15]. In contrast to [14], our contribution can
be summarized as follows: (1) Instead of using a projection,
we approximate the projection by measuring the constraint
violation and taking a subgradient step minimizing this violation; (2) We show convergence under milder assumptions.
Specifically, we remove the smoothness assumption in the
objective functions.
Considering that projections have a closed form solution
only in a few special cases of constraints, our new algorithm
is more general and can be applied to a wider class of
problems including Semidefinite Programming (SDP), where
the constraints are represented by Linear Matrix Inequalities
(LMIs). It is well known that even finding a feasible point
that satisfies a handful of LMIs is a difficult problem on its
own. Also, the computational overhead of this algorithm in
each iteration is extremely cheap as the additional subgradient step requires only O(n) calculations (n is the number of
decision variables). Therefore, our algorithm can also handle
SDPs in a decentralized fashion with an extremely cheap periteration computational overhead.
The work in the paper is also related to the centralized
random projection algorithms for convex constrained optimization [16] and convex feasibility problems [17]. Other
related work is [18]–[20], where optimization problems
with uncertain constraints have been considered by finding
probabilistic feasible solutions through random sampling of
constraints.
Notation: All vectors are viewed as column vectors.
We write xT to denote the transpose of a vector x. The
scalar product of two vectors x and y is hx, yi. For vectors

associated with agent i at time k, we use subscripts i, k
such as, for example, pi,k , xi,k , etc. Unless otherwise stated,
k · k represents the standard Euclidean norm. For a matrix
A ∈ Rn×n , we use [A]ij to denote the entry of the i-th row
and j-th column and kAkF to denote the Frobenius norm
P
1/2
n
2
kAkF =
([A]
)
. We use TrA to denote the
ij
i,j=1
Pn
trace of A, i.e., TrA = i=1 [A]ii . We denote Sm and S+
m the
space of m × m real symmetric and real symmetric positive
semidefinite matrices, respectively. The matrix inequality
A  0 means −A is positive semidefinite. We use 1 to
denote a vector with all entries equal to 1. The identity
matrix is denoted by I. We use Pr{Z} and E[Z] to denote
the probability and the expectation of a random variable Z.
We write dist(x, X ) for the distance of a vector x from a
closed convex set X , i.e., dist(x, X ) = minv∈X kv − xk.
We use ΠX [x] for the projection of a vector x on the set
X , i.e., ΠX [x] = arg minv∈X kv − xk2 . We often abbreviate
almost surely and independent identically distributed as a.s.
and i.i.d., respectively.
II. P ROBLEM D EFINITION
Consider a multiagent network system whose communication at time k is governed by a digraph Gk = (V, Ek ), where
V = {1, . . . , N } and Ek ⊆ V × V. If there exists a directed
link from agent j to i which we denote by (j, i), agent j
may send its information to agent i. Thus, each agent i ∈ V
can directly receive information only from the agents in its
neighborhood
Ni,k = {j ∈ V | (j, i) ∈ Ek } ∪ {i},

(1)

where we assume that there always exists a self-loop (i, i)
for all agents i ∈ V.
A. Problem Statement

s.t. x ∈ X ,

j=1

(3)
where Aj (ω) ∈ Sm for j = 0, 1, . . . , n and ω ∈ Ωi are given
matrices. The inequalities in (3) are referred to as linear
matrix inequalities (LMIs). A semidefinite programming
(SDP) problem has one or more LMI constraints. Finding
a feasible point of the set (3) is often a difficult problem on
its own.
Note that the inequalities in (3) can represent a wide
variety of convex constraints (see [21] for more details). For
example, quadratic inequalities, inequalities involving matrix
norms, and various inequality constraints arising in control
such as Lyapunov and quadratic matrix inequalities can be
all cast as LMIs in (3). When all matrices Aj (ω) in (3) are
diagonal, the equalities reduce to linear inequalities.
III. A LGORITHM , A SSUMPTIONS , AND M AIN R ESULTS
Our goal is to design a decentralized protocol by which all
agents i ∈ V maintain a sequence of local copies {xi,k }k≥0
converging to the same point in X ∗ as k goes to infinity.
Since we assume that the local constraint sets Xi ’s are
nontrivial, we do not find an exact projection onto Xi at
each step of the algorithm. Instead, at iteration k, each agent
i randomly generates ωi,k ∈ Ωi and makes an approximate
projection on the selected constraint function g(·, ωi,k ) ≤ 0.
A. Decentralized Algorithm with Approximate Projections

Our goal is to let the network of agents cooperatively solve
the following minimization problem:
X
min f (x) ,
fi (x)
(2)
x

where Ωi is a finite collection of indices. From this definition,
the global constraint set X can be represented as X = {x ∈
Rn | x ∈ X0 and g(x, ω) ≤ 0, for ω ∈ Ωi , i ∈ V}.
Problems of particular interest are those involving nontrivial constraints on which projections are computationally
expensive, such as Linear Matrix Inequalities (LMIs):
n
n
o
X
Xi = x ∈ Rn | A0 (ω) +
xj Aj (ω)  0, for ω ∈ Ωi ,

i∈V

X , X0 ∩

∩i∈V Xi



,

where only agent i knows the function fi : Rn → R and
the constraint set Xi ⊆ Rn . The set X0 ⊆ Rn is common
to all agents and assumed to have some simple structure in
the sense that the projection onto X0 can be made easily
(e.g., a box, ball, probability simplex, or even Rn ). Note
that the local constraints may overlap, i.e., Xi ∩ Xj for i 6= j
may be nonempty. Also, note that the common constraint set,
i.e., X0 = Xi for all i ∈ V, is a special case of this problem
definition. We assume that the set of optimal solutions X ∗ =
arg minx∈X f (x) is nonempty.
B. Problems of Interest
Each local constraint set Xi consists of one or more
inequalities, which we denote by
Xi = {x ∈ Rn | g(x, ω) ≤ 0, for ω ∈ Ωi },

Each agent i maintains a sequence {xi,k }k≥0 . The element
xi,k of the sequence is the agent i’s estimate of the decision
variable x at time k. Let g + (x, ω) denote the function that
measures the violation of the constraint g(·, ω) at x, i.e.,
g + (x, ω) , max{g(x, ω), 0}.
At k = 0, the estimates xi,0 are locally initialized such
that xi,0 ∈ X0 . At time step k, all agents j broadcast
their previous estimates xj,k−1 to all of the nodes in their
neighborhood, i.e., to all agents i such that (j, i) ∈ Ek . Then,
each agent i updates xi,k as follows:
X
pi,k =
[Wk ]ij xj,k−1
(4a)
j∈V

vi,k = ΠX0 [pi,k − αk si,k ]

(4b)

xi,k = ΠX0 [vi,k − λk di,k ] ,

(4c)

where Wk is a nonnegative N × N weight matrix, {αk }
is a positive sequence of nonincreasing stepsizes; si,k is
a subgradient of the function fi at pi,k ; ωi,k is a random
variable taking values in the index set Ωi ; di,k is chosen
such that di,k ∈ ∂g + (vi,k , ωi,k ) if g + (vi,k , ωi,k ) > 0 and
di,k = d for some d 6= 0, if g + (vi,k , ωi,k ) = 0. We let

λk , g + (vi,k , ωi,k )/kdi,k k2 , which is a variant of the Polyak
stepsize [22]. Note that λk is always well-defined as the
vector di,k is nonzero if g + (vi,k , ωi,k ) > 0.
In (4a), each agent i calculates a weighted average of
the received messages (including its own message xi,k−1 )
to obtain pi,k . Specifically, [Wk ]ij ≥ 0 is the weight that
agent i allocates to the message xj,k−1 . This communication
step is decentralized since the weight matrix Wk respects the
topology of the graph Gk , i.e., [Wk ]ij > 0 only if (j, i) ∈ Ek
and [Wk ]ij = 0, otherwise.
In (4b), each agent i adjusts the average pi,k in the
direction of the negative subgradient of its local objective
fi to obtain vi,k . The adjusted average is projected to the
simple set X0 .
In (4c), agent i observes a random realization of ωi,k ∈
Ωi and measures the feasibility violation of the selected
component constraint g(·, ωi,k ) at vi,k . If g + (vi,k , ωi,k ) > 0,
it calculates a subgradient di,k and takes an additional subgradient step with the stepsize λk to minimize this violation.
The adjusted vector is then projected back to the set X0 .
This guarantees xi,k ∈ X0 for all k ≥ 0 and i ∈ V, but does
not necessarily guarantee xi,k ∈ X . In Section IV, we show
that xi,k for all i ∈ V asymptotically achieve feasibility, i.e.,
limk→∞ dist(xi,k , X ) = 0 for all i ∈ V.
To further explain the step (4c), let us consider the example
mentioned in Section II-B. Let us define the projection A+
of a real symmetric matrix A onto the cone of positive
semidefinite matrices. For any A ∈ Sm , we can find an eigenvalue decomposition A = BΛB T , where B is an orthogonal
matrix and Λ = diag(λ1 , . . . , λm ). Then, its projection is
+
given by A+ = BΛ+ B T , where Λ+ = diag(λ+
1 , . . . , λm )
+
with λi = max{0, λi } [23]. Let us define
A(x, ω) , A0 (ω) +

n
X

xj Aj (ω).

j=1

Then, the amount of violation of the corresponding LMI
constraint A(x, ω)  0 can be measured by the following
scalar function:
g + (x, ω) = kA+ (x, ω)kF .
By direct calculations, it is not difficult to see that its
subgradient is given by


TrA1 A+ (x, ω)
1


..
(5)
∂g + (x, ω) = +

,
.
g (x, ω)
+
TrAn A (x, ω)
if g + (x, ω) > 0. Otherwise, ∂g + (x, ω) = d.
It is worth mentioning that the algorithm (4a)-(4c) includes
the method that has been proposed in [14] as a special
case. In order to see this, let X0 = Rn and g(x, ωi,k ) =
ω
ω
dist(x, Xi i,k ), where Xi i,k = {x | g(x, ωi,k ) ≤ 0}. Then,
it is not difficult to see that
di,k =

vi,k − ΠX ωi,k [vi,k ]
i

kvi,k − ΠX ωi,k [vi,k ]k
i

and since dist(vi,k , ΠX ωi,k ) = kvi,k − ΠX ωi,k [vi,k ]k, the
i
i
steps (4b)-(4c) reduce to
xi,k = ΠX ωi,k [pi,k − αk si,k ],
i

which is exactly the algorithm in [14].
B. Assumptions
For the optimization problem (2), we make the following
assumptions on the set X0 , the objective functions fi (x) for
i ∈ V, and the constraint functions g(x, ω) for ω ∈ Ωi and
i ∈ V.
Assumption 1: (a) The set X0 is nonempty, closed and
convex.
(b) The function fi (x), for each i ∈ V, is defined and
convex (not necessarily differentiable) over some open
set that contains X0 .
(c) The subgradients s ∈ ∂fi (x) are uniformly bounded
over the set X0 . That is, for all i ∈ V, there is a scalar
Cfi such that for all s ∈ ∂fi (x) and x ∈ X0 ,
ksk ≤ Cfi .
(d) The function g(x, ω), for each ω ∈ Ωi and i ∈ V, is
defined and convex in x (not necessarily differentiable)
over some open set that contains X0 .
(e) The subgradients d ∈ ∂g + (x, ω) are uniformly
bounded over the set X0 . That is, there is a scalar Cg
such that for all d ∈ ∂g + (x, ω), x ∈ X0 , ω ∈ Ωi , and
i ∈ V,
kdk ≤ Cg .
By Assumption 1, the subdifferentials ∂fi (x) and ∂g + (x, ω)
are nonempty over X0 . It also implies that for any i ∈ V and
x, y ∈ X0 ,
|fi (x) − fi (y)| ≤ Cfi kx − yk,

(6)

and for any ω ∈ Ωi , i ∈ V, and x, y ∈ X0 ,
|g + (x, ω) − g + (y, ω)| ≤ Cg kx − yk.

(7)

One sufficient condition for Assumption 1(c) and 1(e) is that
the set X0 is compact.
At each iteration k, each agent i randomly generates
ωi,k ∈ Ωi . We assume that they are i.i.d. samples from some
probability distribution on Ωi . The next two assumptions are
for the random variables ω ∈ Ωi .
Assumption 2: Each Ωi is a finite set and each element of
Ωi is generated with nonzero probability, i.e., for any ω ∈ Ωi
and i ∈ V
πi (ω) , Pr{ω | ω ∈ Ωi } > 0
Assumption 3: For all ω ∈ Ωi and i ∈ V, there exists a
constant c > 0 such that for all x ∈ X0


dist2 (x, X ) ≤ cE (g + (x, ω))2 .
The upper bound in Assumption 3 is known as global error
bound and is crucial for the convergence analysis of our
method (4a)-(4c). Sufficient conditions for this bound have
been shown in [24] and [25], which require the existence of a
Slater point, i.e., there exists a point x̃ such that x̃ ∈ X0 and
g(x̃, ω) < 0 for all ω. In the case when each function g(·, ω)

is either a linear equality or inequality, Assumption 3 is
called linear regularity and can be shown to hold by using the
results in [26] and [27]. Also, if the random sequences {ωi,k }
are stationary Markov processes (which are independent of
the distribution of the initial points xi,0 ), then Assumption 3
holds when the feasible set X has a nonempty interior [28].
The inter-agent communication relies on the time-varying
graph sequence Gk = (V, Ek ), for k ≥ 0. Two key assumptions on these communication graphs are the following:
Assumption 4: For all k ≥ 0,
(a) [Wk ]ij ≥ 0 for all i, j ∈ V and there exists a scalar
γ ∈ (0, 1) such that [Wk ]ij ≥ γ onlyP
if j ∈ Ni,k
P
(b)
[W
]
=
1
for
all
i
∈
V,
and
k
ij
j∈V
i∈V [Wk ]ij = 1
for all j ∈ V.
Assumption 4(a) ensures that the weight matrices Wk respects the underlying topology Gk for every k so that the
communication is indeed decentralized. The lower boundedness of the weights is required to show consensus among all
agents (see [29] for more details) but the agents need not
know the γ value in running the algorithm. Assumption 4(d)
(doubly stochasticity of the matrices Wk ) is required for balanced communication. Here assuming doubly stochasticity of
Wk for all k ≥ 1 might be too strong as finding such Wk
usually requires a global view (unless the underlying graph is
regular or fully connected) and not all directed graphs admit
a doubly stochastic matrix [30]. However, we will stick to
this assumption because removing doubly stochasticity can
introduce bias in the optimization [31]. Such a drawback can
be easily overcome by adopting some other communication
protocols like asynchronous gossip [32] (we leave this as our
future work).
Assumption
 S 5: There exists
 a scalar Q such that the
graphs V, `=0,...,Q−1 Ek+` are strongly connected for all
k ≥ 0.
Assumption 5 ensures that there exists a path from one
agent to every other agent within any bounded interval of
length Q. We say that such a sequence of graphs is Qstrongly connected.
C. Main Results
We demonstrate the correctness of the algorithm (4a)-(4c)
by proving its convergence. In what follows, the end result
is stated, which holds under the assumptions we have laid
out above.
Proposition 1: LetPAssumptions 1 - 5 hold.
P∞Let 2the step∞
sizes be such that
α
=
∞
and
k=1 k
k=1 αk < ∞.
Assume that problem (2) has a nonempty optimal set X ∗ .
Then, with the choice of λk = g + (vi,k , ωi,k )/kdi,k k2 for all
k ≥ 1 and i ∈ V, the iterates {xi,k } generated by each agent
i ∈ V via method (4a)-(4c) converge almost surely to the
same point in the optimal set X ∗ , i.e., for a random point
x? ∈ X ∗
lim xi,k = x?

k→∞

for all i ∈ V

a.s.

IV. C ONVERGENCE A NALYSIS
In this section, we are concerned with demonstrating the
convergence results stated in Proposition 1. We first review

some lemmas from existing literature that are necessary in
our analysis.
A. Preliminary Results
The following lemma states a non-expansiveness property
of the projection operator (see [33] for its proof).
Lemma 1: Let X ⊆ Rd be a nonempty closed convex set.
The function ΠX : Rd → X is nonexpansive, i.e.,
kΠX [x] − ΠX [y]k ≤ kx − yk for all x, y ∈ Rn .
In our analysis of the algorithm, we also make use of the
following convergence result due to Robbins and Siegmund
(see [34, Lemma 10-11, p. 49-50]).
Theorem 1: Let {vk }, {uk }, {ak } and {bk } be sequences
of non-negative random variables such that
E[vk+1 |Fk ] ≤ (1 + ak )vk − uk + bk

for all k ≥ 0

a.s.

where Fk denotes the collection v0P
, . . . , vk , u0 , . . . , uk ,
∞
a
,
.
.
.
,
a
and
b
,
.
.
.
,
b
.
Also,
let
0
k
0
k
k=0 ak < ∞ and
P
∞
b
<
∞
a.s.
Then,
we
have
lim
k=0 k
P∞ k→∞ vk = v for a
random variable v ≥ 0 a.s., and k=0 uk < ∞ a.s.
In the following lemma, we show a relation of pi,k and
xi,k−1 associated with any convex function h which will be
often used in the analysis. For example, h(x) = kx − ak2
for some a ∈ Rn or h(x) = dist2 (x, X ).
Lemma 2: Let Assumption 4 hold. Then, for any convex
function h : Rn → R, we have
X
X
h(pi,k ) ≤
h(xi,k−1 ).
i∈V

i∈V

Lastly, for the convergence proof of our algorithm, we use
a result from [35] which shows the averaged iterates can still
arrive at consensus if the errors behave nicely.
Lemma 3: Let Assumptions 4 and 5 hold. Consider the
iterates generated by
X
θi,k =
[Wk ]ij θj,k−1 + ei,k for all i ∈ V.
(8)
j∈V

Suppose there exists a nonnegative nonincreasing scalar
sequence {αk } such that
∞
X

αk kei,k k < ∞ for all i ∈ V.

k=1

Then, for all i, j ∈ V,
∞
X

αk kθi,k − θj,k k < ∞.

k=1

B. Lemmas
We need a series of lemmas for proving Proposition 1.
The proofs are omitted here due to the space limit; interested
readers may refer to the supplementary material [36].
We first state an auxiliary lemma that will be later used to
relate two consecutive iterates xi,k and xi,k−1 . This lemma
can be shown by combining two existing results in [22] and
[16], but we include it here for completeness.
Lemma 4: Let Assumption 1 hold. Let the sequences pi,k ,
vi,k and xi,k be generated by the algorithm (4a)-(4c). Then,

we have almost surely for any x̌, z ∈ X0 , ωi,k ∈ Ωi , i ∈ V
and k ≥ 1,
kxi,k − x̌k2 ≤ kpi,k − x̌k2 − 2αk (fi (z) − fi (x̌))
2
τ −1 +
1
−
g (pi,k , ωi,k ) + kpi,k − zk2 + Dτ,η αk2 ,
τ Cg2
4η

and F= {xi,0 , i ∈ V}. By taking the expectation conditioned
on Fk−1 in the above relation and summing this over i ∈ V,
we obtain
X 

E kxi,k − x∗ k2 | Fk−1
i∈V

≤

1)Cf2i

where Dτ,η = (τ + 4η +
and η, τ > 0 are arbitrary.
Since we use an approximate projection, we cannot guarantee the feasibility of the sequences xi,k or pi,k . In the
next lemma, we prove that pi,k for all i ∈ V asymptotically
achieve feasibility.
Lemma 5: Let Assumptions
1-4 hold. Let the sequence
P∞
{αk } be such that k=1 αk2 < ∞. Then, the iterates {pi,k }
generated by each agent i ∈ V via method (4a)-(4c) almost
surely satisfy:
∞
X

dist2 (pi,k , X ) < ∞,

for all i ∈ V.

k=1

To complete the proof, we show in the first part of the
next lemma that the error ei,k = xi,k − pi,k (perturbations
made after the consensus step (4a)) eventually converges to
zero for all i ∈ V. This result combined with Lemma 5
implies that the sequence xi,k for all i ∈ V also achieve
asymptotic feasibility. Furthermore, since the error ei,k for
all i ∈ V converge to zero, we can invoke Lemma 3 to
show the P
iterate consensus. Let us define zi,k , ΠX [pi,k ] and
z̄k , N1 i∈V zi,k . In the second part of the next lemma,
we bound the network error term kzi,k − z̄k k for any i ∈ V.
Lemma 6: Let Assumptions
1-5 hold. Let the sequence
P∞
{αk } is such that k=1 αk2 < ∞. Define ei,k = xi,k − pi,k
for all i ∈ V and k ≥ 1. Then, we have almost surely
P∞
(a) Pk=1 kei,k k2 < ∞ for all i ∈ V,
∞
(b)
k=1 αk kzi,k − z̄k k < ∞ for all i ∈ V.
In the next lemma, P
we use standard convexity analysis to
lower-bound the term i∈V (fi (zi,k )−fi (x̌)) with a network
error term and a global term.
Lemma 7: Let Assumption 1 hold. Then, for all x̌ ∈ X ,
we have
X
X
(fi (zi,k ) − fi (x̌))≥−Cf
kzi,k − z̄k k + f (z̄k ) − f (x̌),
i∈V

i∈V

where Cf = maxi∈V Cfi .
C. Proof of Proposition 1
We invoke Lemma 4 with z = zi,k = ΠX [pi,k ], τ = 4
and η = cCg2 . We also let x̌ = x∗ for an arbitrary x∗ ∈ X ∗ .
Therefore, for any x∗ ∈ X ∗ , ωi,k ∈ Ωi , i ∈ V and k ≥ 1,
we almost surely have
kxi,k −x∗ k2 ≤ kpi,k − x∗ k2 − 2αk (fi (zi,k ) − fi (x∗ ))
2
3
−
g + (pi,k , ωi,k )
2
4Cg
1
+
dist2 (pi,k , X ) + (5 + 4cCg2 )Cf2i αk2 .
4cCg2
Let Fk denote the algorithm’s history up to time k. i.e.,
Fk = {xi,0 , (ωi,t , 1 ≤ t ≤ k), i ∈ V},

X

kpi,k − x∗ k2 − 2αk

i∈V

X
(fi (zi,k ) − fi (x∗ ))
i∈V

i
2
3 X h +
E
|
F
g
(p
,
ω
)
−
k−1
i,k
i,k
i
4Cg2
i∈V
1 X
+
dist2 (pi,k , X ) + DN αk2 ,
4cCg2
i∈V

where D = (5 + 4cCg2 )Cf2 with Cf = maxi∈V Cfi . Now
we use Lemma 2 with h(x) = kx − x∗ k2 , Assumption 3
and Lemma 7 with x̌ = x∗ to further estimate the terms on
the right-hand side. From these, obtain almost surely for any
k ≥ 1 and x∗ ∈ X ∗ ,
X 

E kxi,k − x∗ k2 | Fk−1
i∈V

≤

X

kxi,k−1 − x∗ k2 − 2αk

i∈V

X
(f (z̄k ) − f (x∗ ))
i∈V

1 X
dist2 (pi,k , X )
−
2cCg2
i∈V
X
+ 2αk Cf
kzi,k − z̄k k + DN αk2 .
i∈V

Since z̄k ∈ X , P
we have f (z̄k ) − f (x∗ ) ≥ 0. Thus, under
∞
the assumption k=0 αk2 < ∞ and Lemma 6(b), the above
relation satisfies all the conditions of the convergence Theorem 1. Using this theorem, we have the following results.
Result 1: The sequence {kxi,k − x∗ k} is convergent a.s.
for all i ∈ V and every x∗ ∈ X ∗ .
Result 2: For every x∗ ∈ X ∗ ,
∞
X

αk (f (z̄k ) − f (x∗ )) < ∞

a.s.

k=1

As a direct consequence of Result 1, we know that
the sequences {kpi,k − x∗ k} and {kzi,k − x∗ k} are also
convergent a.s. (This is straightforward in view of relation
(4a) and Lemma 5 with the knowledgeP
that dist2 (pi,k , X ) =
kpi,k − zi,k k2 .) Since kz̄k − x∗ k ≤ N1 i∈V kzi,k − x∗ k, we
further know that the sequence {kz̄k −x∗ k} is also convergent
a.s.
P∞
As a direct consequence of Result 2, since k=1 αk = ∞,
we know that
lim inf (f (z̄k ) − f (x∗ )) = 0 a.s.
k→∞

From this relation and the continuity of f , it follows that the
sequence {z̄k } must have one accumulation point in the set
X ∗ a.s. This and the fact that {kz̄k − x∗ k} is convergent a.s.
for every x∗ ∈ X ∗ imply that for a random point x? ∈ X ∗ ,
lim z̄k = x?

k→∞

a.s.

(9)

Also, by Lemma 6(b), we have
lim inf kzi,k − z̄k k = 0 for all i ∈ V

a.s.

k→∞

(10)

The fact that {kzi,k −x∗ k} is convergent a.s. for all i ∈ V,
together with (9) and (10) implies that
lim zi,k = x?

k→∞

for all i ∈ V

a.s.

(11)

Since kxi,k −zi,k k ≤ kxi,k −pi,k k+kpi,k −zi,k k, by invoking
Lemma 5 and 6(a), we have
lim kxi,k − zi,k k = 0 for alli ∈ V

k→∞

a.s.

This and relation (11) give us the desired result, which is
lim xi,k = x?

k→∞

for all i ∈ V

a.s.

V. C ONCLUSION
We have studied a distributed optimization problem defined on a multi-agent network which involves nontrivial
constraints like LMIs. We have proposed a decentralized
algorithm based on random feasibility updates, where we
approximate the projection with an additional subgradient
step. The proposed algorithm is efficiently applicable for
solving any distributed optimization problems which involve
lots of computationally prohibitive constraints, for example,
decentralized SDPs. We have established the almost sure
convergence of our method.
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[9] A. Nedić and A. Olshevsky, “Distributed optimization over timevarying directed graphs,” IEEE Transactions on Automatic Control,
vol. 60, no. 3, pp. 601–615, March 2015.
[10] K. Tsianos, S. Lawlor, and M. Rabbat, “Push-sum distributed dualaveraging for convex optimization,” in Proceedings of the 51st IEEE
Conference on Decision and Control, Maui, Hawaii, December 2012,
pp. 5453–5458.
[11] J. Duchi, A. Agarwal, and M. Wainwright, “Dual averaging for
distributed optimization: Convergence analysis and network scaling,”
IEEE Transactions on Automatic Control, vol. 57, no. 3, pp. 592–606,
March 2012.
[12] P. Bianchi, W. Hachem, and F. Iutzeler, “A stochastic coordinate descent primal-dual algorithm and applications to large-scale composite
optimization,” 2014, http://arxiv.org/pdf/1407.0898.

[13] W.Shi, Q. Ling, G. Wu, and W. Yin, “Extra: An exact firstorder algorithm for decentralized consensus optimization,” 2014,
http://arxiv.org/pdf/1404.6264.
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