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ABSTRACT

This paper proposes a sampling-based algorithm for multi-robot
control synthesis under global Linear Temporal Logic (LTL) formu-
las. Robot mobility is captured by transition systems whose states
represent regions in the environment that satisfy atomic proposi-
tions. Existing planning approaches under global temporal goals
rely on graph search techniques applied to a synchronous product
automaton constructed among the robots. As the number of robots
increases, the state-space of the product automaton grows exponen-
tially and, as a result, graph search techniques become intractable.
In this paper, we propose a new sampling-based algorithm that
builds incrementally a directed tree that approximates the state-
space and transitions of the synchronous product automaton. By
approximating the product automaton by a tree rather than repre-
senting it explicitly, we require much fewer resources to store it and
motion plans can be found by tracing the sequence of parent nodes
from the leaves back to the root without the need for sophisticated
graph search techniques. This significantly increases scalability
of our algorithm compared to existing model-checking methods.
We also show that our algorithm is probabilistically complete and
asymptotically optimal and present numerical experiments that
show that it can be used to model-check product automata with
billions of states, which was not possible using an off-the-shelf
model checker.
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1 INTRODUCTION

Control synthesis for mobile robots under complex tasks, captured
by Linear Temporal Logic (LTL) formulas, build upon either a
bottom-up approach when independent LTL expressions are as-
signed to robots [7, 8, 13] or top-down approaches when a global
LTL formula describing a collaborative task is assigned to a team of
robots [4, 16], as in our work. Top-down approaches generate a dis-
crete high-level motion plan every robot using the individual tran-
sition systems that capture robot mobility and a Non-determisitic
Biichi Automaton (NBA) that represents the global LTL specifica-
tion. Specifically, by taking the synchronous product among the
transition systems and the NBA, a synchronous product automaton
can be constructed. Then, representing the latter automaton as
a graph and using graph-search techniques, motion plans can be
derived that satisfy the global LTL specification. As the number of
robots increases, the state-space of the product automaton grows
exponentially and, as a result, graph-search techniques are not
applicable as they become extremely resource demanding. Conse-
quently, these motion planning algorithms scale poorly with the
size of the network. To address these issues, several methods have
been proposed that fall into two categories: (i) internal memory
algorithms, such as partial order reduction [1] and symmetry or-
der reduction [5] and (ii) external memory algorithms [19] that
can handle state-spaces with billions of states but require external
memory devices.

In this paper, we propose an internal memory algorithm which
unlike existing model checking algorithms, completely avoids con-
structing the product among the transition systems and the NBA.
Specifically, motivated by existing sampling-based algorithms [12],
we build incrementally through a Biichi-guided sampling-based
algorithm directed trees that approximately represent the state-
space and transitions among states of the synchronous product
automaton. Specifically, to construct a motion plan in a prefix-
suffix structure, we first build a tree incrementally until a path from
an initial to an accepting state is constructed. This path corresponds
to the prefix part of the motion plan and is executed once. Then, a
new tree rooted at an accepting state is constructed in a similar way
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until a cycle-detection method discovers a loop around the root.
This cyclic path corresponds to the suffix part of the motion plan
and is executed infinitely. The advantage of the proposed method
is that approximating the product automaton by a tree rather than
representing it explicitly by an arbitrary graph structure, as existing
works do, results in significant savings in resources both in terms
of memory to save the associated data structures and in terms of
computational cost in applying graph search techniques. In this
way, the scalability of the proposed model-checking algorithm is
significantly increased compared to existing approaches. Moreover,
despite the approximate representation of the global automaton, we
show that the proposed LTL-based planning algorithm is probabilis-
tically complete and asymptotically optimal. We present numerical
simulations that show that the proposed approach can be used to
model-check product automata with billions of states, which was
impossible using the off-the-shelf model checker PRISM [14].

To the best of our knowledge, the most relevant works are pre-
sented in [3, 10, 11, 18]. In [11], a sampling-based algorithm is
proposed which builds incrementally a Kripke structure until it
is expressive enough to generate a motion plan that satisfies a
task specification expressed in deterministic y-calculus. In [3], a
sampling-based algorithm is proposed for motion planning under
temporal goals. The main goal of that work is to construct a discrete
abstraction of the environment by taking into account the geome-
try of obstacles, the robot dynamics, and the atomic propositions
that are satisfied in the workspace, to solve planning problems that
involve temporal goals. Common in [3, 11] is that single-agent mo-
tion planning problems are considered, unlike our approach that is
amenable to multi-robot path planning problems. In order to apply
the methods proposed in [3, 11] to multi-agent motion planning
problems that we consider in this paper, a product system among
the agents needs to be constructed that is represented by a graph of
arbitrary structure, as in [18]. Specifically, in [18] a sampling-based
temporal logic path planning algorithm is proposed that also scales
well for large configuration spaces. The main difference between
[18] and the work proposed here is that we approximate the state-
space of the product automaton by a tree which is more economical
in terms of memory requirements and significantly decreases the
computational cost of applying graph search techniques. This al-
lows our method to handle large problems compared to the ones
that can be solved using the approach in [18]. Moreover, we show
that our proposed planning algorithm is asymptotically optimal
which is not the case in [18]. Finally, common in all the above
works is that a discrete abstraction of the environment is built until
it becomes expressive enough to generate a motion plan that sat-
isfies the LTL specification. To the contrary, in our work, given a
discrete abstraction of the workspace, we build incrementally trees
that approximate the product automaton, until a motion plan is
constructed. In [10], a planning algorithm for multi-agent systems
under global temporal goals is proposed. The main goal of that work
is to transform given transition systems that abstract robot mobility
into trace-included transition systems with smaller state-spaces
that are still rich enough to construct motion plans that satisfy the
global LTL specification. However, this algorithm does not scale
well with the size of the number of robots, since it relies on the
construction of a product automaton among all agents, which is
not the case in our work.
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Figure 1: Graphical depiction of a wTS that abstracts robot
mobility in an indoor environment. Black disks stand for
the states of wTS, red edges capture transitions among states
and numbers on these edges represent the cost w; for travel-
ing from one state to another one.

2 PROBLEM FORMULATION

Consider N mobile robots that evolve in a complex workspace W C
R4 according to the following dynamics: X;(¢t) = fi(xi(?), u;(t)),
where x;(t) and u;(t) are the position and the control input asso-
ciated with robot i, i € {1,...,N}. We assume that there are W
disjoint regions of interest in ‘W that are worth investigation or
surveillance. The j-th region is denoted by £; and it can be of any
arbitrary shape. Robot mobility in the workspace is represented by
a transition system defined as follows:

Definition 2.1. A weighted Transition System for robot i, denoted
by wTS; is a tuple wTS; = (Qi,q?, —i, wi,.ﬂSD,Li) where:

* Q; = {qu }}Zl is the set of states, where a state qu indi-
cates that robot i is at location £;;

. q(l.) € Q; is the initial state of robot i;

e —;C @; X Q; is the transition relation for robot i. Given
the robot dynamics, if there is a control input u; that can
drive robot i from location ¢; to £, then there is a transition
from state qu to qfe denoted by (qu , qfe) €—i;

e w; : Q x@Q — Ry!isa cost function that assigns
weights/cost to each possible transition in wTS. These costs
are associated with the distance that needs to be traveled
by robot i in order to move from state ql.j to state qfk;

& . . iy
e AP = {{ﬁl.’}j‘."’l}f\i1 is the set of atomic propositions,

where n'fj is true if robot i is inside region {; and false
otherwise; and

o L; : Q; — 2% is an observation/output relation giving
the set of atomic propositions that are satisfied in a state.

Figure 1 illustrates Definition 2.1 for a robot that resides in
an indoor environment. In what follows we give definitions re-
lated to wTS;, that we will use throughout the rest of the pa-
per. An infinite path t; of wTS; is an infinite sequence of states,
i = 1i(1)7:(2)7i(3) ... such that 7;(1) = q(i), ri(m) € Q;, and

'R, and N, stand for the positive real and natural numbers, respectively.
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(ri(k), 7i(k + 1)) €>j, Yk € Ny, where k is an index that points to
the k-th entry of 7; denoted by 7;(k). A finite path of wTS; can be
defined accordingly. The only difference with the infinite path is
that a finite path is defined as a finite sequence of states of wTS;.
Given the definition of the weights w; in Definition 2.1, the cost of
a finite path 7;, denoted by J(z;), can be defined as follows:

l7i]-1
Ja)= ) wilni(k). ik + 1), M
k=1
In (1), |r;| stands for the number of states in 7;. In words, the cost (1)
captures the distance traveled by robot i during the execution of the
finite path 7;. The trace of an infinite path 7; = 7;(1)7;(2)7;(3) . . .
of a transition system wTS;, denoted by trace(r;) € (Zﬂp)w,
where w denotes infinite repetition, is an infinite word that is de-
termined by the sequence of atomic propositions that are true in
the states along 7;, i.e., trace(r;) = Li(7i(1))Li(7i(2)) . ... The lan-
guage Words(¢;) = {a e 2P)?|s (;5,} where |=C (27%) x ¢;
is the satisfaction relation, is defined as the set of infinite words
o € (271%)® that satisfy the LTL ¢;. Given an LTL formula ¢;, a
transition system wTS; both defined over the set of atomic propo-
sitions AP, the infinite path 7; of WTS; satisfies ¢; if and only if
trace(r;) € Words(¢);, which is equivalently denoted by 7; |= ¢;.
In what follows , we assume that the robots have to accomplish
a complex collaborative task captured by a global LTL statement ¢
defined over the set of atomic propositions AP = {{ﬁf J }}’Zl }1\11
Then the problem that this paper addresses can be summarizedl as
follows

PrROBLEM 1. Given a global LTL specification §, transitions systems
wTS;, for all robots i, determine a discrete team plan t that satisfies

¢, ie, T = ¢
3 PRELIMINARIES

In this section, we summarize an existing automata-based planning
algorithm that solves Problem 1. First the synchronous Product
Transition System (PTS) is constructed, which essentially captures
all the possible combinations of robots’ states in their respective
wTS;, and is defined as follows:

Definition 3.1. Given N transition systems wTS; = (Q;, q(i), —;
,wi, AP, L;), the product transition system PTS = wTS; ® wIS; ®
---®@ WISy is a tuple PTS = (Qprs, quS’ —pTS, WPTS, AP, LPTS)
where (a) Qprs = Q1 X Q2 X - - - X Q is the set of states; (b) quS =
(q(l), qg, el qON) € Qprs is the initial state, (c) —p1s < QpsXQpTS

is the transition relation defined by the rule? M
qPTS —PTSGprg

with slight abuse of notation gpts = (q1, - -.,qN) € QpTS, ¢i € Q;.
The state gp g is defined accordingly. In words, this transition
rule says that there exists a transition from qprs to gp g if there
exists a transition from g; to g} for all i € {1,...,N}; (d) wprs :
QpTs X Qprs — R, is a cost function that assigns weights/cost
to each possible transition in PTS, defined as wpTs(gpTs, qf,TS) =

N ’
22 wi(lwts, gpTss lwrs; Gppg)> Where gp1q. gpTs € Qprs, and

, where

2The notation of this rule is along the lines of the notation used in [2]. In particular, it
means that if the proposition above the solid line is true, then so does the proposition
below the solid line.
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IIyTs,qpTs stands for the projection of state gprs onto the state
space of wTS;. The state ITy1s,gpTs € Q; is obtained by removing
all states in gprs that do not belong to Q;; (e) AP is the set of
atomic propositions; and, (f) Lprs = Uy; Li : Qprs — 27A% is an
observation/output relation giving the set of atomic propositions
that are satisfied at a state gprs € QpTs.

Any LTL formula ¢ defined over a set of atomic propositions
AP can be translated into a Nondeterministic Biichi Automaton
(NBA) over 2% denoted by B [17], where its accepting language
is L = Words(¢). The NBA is defined as follows:

Definition 3.2. A Nondeterministic Biichi Automaton (NBA) B
over 2% is defined as a tuple B = (QB, Q%, >, —B, Qg) where
(a) Qg is the set of states; (b) Q% C Qg is a set of initial states; (c)
2 =2A% isan alphabet; (d) »gC Qp X = X Qg is the transition
relation; and (e) QF C Qp is a set of accepting/final states.

Once the PTS and the NBA B that corresponds to the LTL ¢
are constructed, a motion plan 7 |= ¢ can be found by checking
the non-emptiness of the language of the Product Biichi Automaton
(PBA) P = PTS ® B [2], which is defined as follows:

Definition 3.3. Given the product transition system PTS = (Qprs,
@prg> —PTs, WpTS, AP, Lprs) and the NBA B = (Qp, Q). %, —5
,Qg), we can define the Product Biichi Automaton P = PTS ® B
asatuple P = (QP,Q?,, —>p,Q£) where (a) Qp = Qprs X Qp is
the set of states; (b) Q% = qus X Q% is a set of initial states; (c)
—>pC Qpx271% xQp is the transition relation defined by the rule:

Lp1s(aprs) )

(gpTs—PTS Gprs) A (qB —qj

. Transition from state gp € Qp
QP:(CIPTS,qB)—’Pq},:(q{yrs,q'B)
to q’P € Qp, is denoted by (qp,q;,) €—p, 0r gp —p q}; and
= Qpts X is a set of accepting/final states.
hQb =a QF is a set of accepting/final stat

To check the non-emptiness of the language of P denoted by
Lp = trace(PTS) N Lp, where trace(PTS) collects all words that
can be generated by the PTS, and to find a motion plan 7 that
satisfies ¢, existing model checking methods can be used that are
based on graph search algorithms; see, e.g., [7]. Such motion plans
can be written in a prefix-suffix structure r = rPre[gsuf]o The
prefix part 7P has the following structure 7P™ = qII,TS qlzJTS .. quS

and is executed only once. The suffix part 75U has the following

suf — K _K+1 K+S_K+S+1 K+S+1 _ K
: = dprsdprs -~ Iprs dprs  Where gprg’ = dprs.
and is repeated infinitely. The cost of such a motion plan is defined

as

structure 7

K-1
J(@) = > wers(rPe(k), TP(k + 1))
k=1

Cost J(zP™) of prefix
K+S
+ ) wprs(@ (k)i (k + 1) = J(2P) + (), (2)
k=K

Cost J(75) of suffix

which in fact captures the total distance traveled by all robots during
the execution of the prefix and a single execution of the suffix part.
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In principle, to generate a motion plan 7 that satisfies ¢, the PBA is
viewed as a weighted directed graph Gp = {Vp, Ep, wp}, where
the set of nodes Vp is indexed by the set of states Qp, the set of
edges Ep is determined by the transition relation — p, and the
weights wp assigned on each edge are inherited by the function
wpTs. Specifically, the weight assigned on a edge that connects two
nodes that represent the states gp and q%, is equal to wp(qp, q;)) =
wprs(ITlpTsgp, |pTsqp). Then we find the shortest paths from the
initial states to all reachable final states gqp € Qlf; and projecting
these paths onto PTS results in the prefix parts 7P/, where f =
{1,..., |Q£|}. The respective suffix parts 595f are constructed
similarly by computing the shortest cycle around the f-th final
state. All the resulting motion plans tf = 7P*f [ru5f @ satisfy
the LTL specification ¢. Among all these plans, we can easily
compute the optimal plan that minimizes the cost function defined
in (2) by computing the cost J(r/) for all plans and picking the one
with the smallest cost.

4 PROPOSED SOLUTION

The automata-based planning algorithm described in Section 3 can
be employed to solve Problem 1. However, constructing the PBA
and applying graph-search techniques on it, is resource demanding
and scales poorly with the size of the network. Thus, in this sec-
tion, we propose a sampling-based planning algorithm that scales
well with the number of agents and constructs a discrete motion
plan 7 in prefix-suffix structure, i.e., 7 = Tpre[rs“f]“’, that satisfies
a given global LTL specification ¢.> The procedure is based on
an incremental construction of a directed tree that approximately
encompasses the state-space Qp and the transition relation —p of
the PBA defined in Definition 3.3. The construction of the prefix
and the suffix part is described in Algorithms 1 and 7, respectively.

In what follows, we denote by Gt = {Vr, E1, Cr} the tree that
approximately represents the PBA P. The set of nodes ‘Vr contains
the states of Qp that have already been sampled and added to the
tree structure. The set of edges &t captures transitions among the
nodes in Vr, i.e., (qp, q;) € &r, if there is a transition from state
qp € Vr to state q}, € Vr. The set Cr collects the cost of reaching
each node gp € Vr from the root of the tree; with slight abuse of
notation the cost of a node that represents a state gp is denoted by

Cr(qp)-

4.1 Construction of Prefix Parts

In this Section, we describe how the prefix part is constructed. This
procedure is described in Algorithm 1, as well. The set Vr initially
contains only the initial state q(}, of the PBA [line 1, Alg. 1] and
therefore, the set of edges is initialized as & = 0 [line 2, Alg. 1].
By convention, we assume that the cost of qOP is zero [line 3, Alg.
1]. The set ¥ C Vr [line 4, Alg. 1] collects all the final states of P
that exist in the tree.

4.1.1  Sampling a state g} € Qp. The first step for the con-
struction of the graph Gr is to sample a state from the state-space
of the product transition system. This is achieved by a sampling

3LTL specifications are satisfied by plans that are infinite sequences of states and,
therefore, they cannot be manipulated in practice. Such an issue can be resolved by
representing these plans by finite sequences of states, in a prefix-suffix form, called
prefix-suffix form, where the prefix is executed once and suffix is executed indefinitely.
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Algorithm 1: Construction of prefix parts.

Input: Initial state q‘i), transition system wTS;, for all robots i,
NBA B, maximum number of iterations nfye

Output: Prefix parts rP"/ set of final states F

1 Vr = qp = {gprs> O} Where qprg = {q7. 43, 4 s

2 (ST = 0;

3 Cr(q}) = 0;

s F =0

5 forn=1:1 :nl,’nrzxdo

6 gprs = Sample(Qy, ..., QN);

7 forb=1:|Qg| do

8

9

qg " = Qp(b);
5™ = (@03
10 if gp™ ¢ Vr then
11 [Vr, &7,Cr] = Extend(qp™, —p);
12 if g’ € Vr then
13 if (qg" € Qg ) then
14 | F=Fu{gr™
15 [E7,Cr] = Rewire(gp™, V1, E1,Cr);

16 Er = OptimizeTree(Gr);
17 for f =1:|F| do
18 | tP*f = FindPath(Gr.q%. F(k)):

function Sample that generates independent samples that belong
to Qprs from a given distribution; see Algorithm 2. The sampled
state is denoted by gp{¥ [line 6, Alg. 1]. Since our goal is to build
incrementally a graph whose set of nodes represents the state space
Qp we need to append to gpT¥ a state from the state-space Qp of
NBA B. Let ¢ = Qp(b) [line 8, Alg. 1] be the candidate Biichi
state that will be attached to qgfr"s", where b € {1,...,|Qg|}. The
following procedure is repeated for all b € {1, ..., |@Qp|}. First, we
construct the state g™ = (gpTs. 45 ) € Qp [line 9, Alg. 1] and
in what follows, we check if this state can be added to the tree Gt
[lines 10-15, Alg. 1]. In case the state gj"" has not already been
added to the tree from a previous iteration of Algorithm 1, i.e, if
g ¢ Vr [line 10, Alg. 1], we check which node in Vr (if there is
any) can be the parent of g™ in the tree Gr. This is accomplished

by the function Extend described in Algorithm 3.

4.1.2  Adding a new edge to Et. The first step in Algorithm 3 is to
construct the set S_>qx;,ew C Vr that collects all states gp € Vr that
abide by the transition rule: (gp, ¢p™") €—p [line 1, Alg. 3]. If the
resulting set is empty then the sample ¢*" is not added to the tree.

In case S_, guew # 0, then the state ¢},™" is added to the tree [lines
prev

3-6, Alg. 3]. The parent of ¢*", denoted by ql;,rev satisfies ¢, =

P
argminqpesﬁq},;w [Cr(gp) + wers(IllpTsgp, lpTsqp )], where by

definition of the set Ct, Ct(qp) + wprs(ITlprsqp, Ilprsgp ") stands
for the cost of the node g™ if it gets connected to the root through
the node gp. In other words, the parent ql;rev of node g™ is
selected among all states in S_M#ew so that the incurred cost of
qp’" is minimized [line 3, Alg. 3]. The set of nodes and edges is
updated in lines 4 and 5, respectively, as Vr = Vr U {qp"™} and

E&r=86ru {(qgrev, q5°")}. Next we compute the cost of node g™
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Figure 2: Graphical depiction of Algorithm 3. The black
square stands for the root of the tree and the gray disks rep-
resent nodes in the set Vr. Black arrows represent transi-
tions captured by E7. The blue diamond stands for the state
qp°" and the dashed blue arrow represents the new edge that
will be added to the set E7 after the execution of Algorithm
3 (line 5, Alg. 3).

as follows [line 6, Alg. 3]:

Cridp™) = Criqp ")
[ ——

Cost of reaching g}, " from the root of the tree Gr

+wprs(Mlprsgp > Mlpsgp ™) - ®3)

cost of reaching g} from g}, *

Algorithm 3 is illustrated in Figure 2, as well.

4.1.3  Rewiring. Once a new state ™" = [gp7g, g5 | has been

added to the tree [line 12, Alg. 1], two steps follow. First, we check

if ¢p°" is an accepting state of the PBA P. To achieve that, it suffices

to check if q’flfw € Qg. If this is the case, the set # that collects
the final states that exist in the tree is updated [lines 13-15, Alg. 1].
Second, we rewire the nodes in gp € V7 that can potentially get
connected to the root q?, of the tree through the node ¢*" [line 13,
Alg. 1] if this will decrease the cost Cr(qp). The rewiring process
is described in Algorithm 4 and is illustrated in Figure 3.

In Algorithm 4 we first construct the set S<_q;ew € Vr that
collects all states of gp € Vr that abide by the following transition
rule: (¢p°¥,qp) €—pl[ line 1, Alg. 4]. Then for all states gp €
S<_q;ew we check if their current cost Cr(gp) is greater than then
the cost they would have if they were connected to the root through
qp’" 3. If this is the case for a node gp € Segnev, then the new
parent of gp is g™, i.e, there is a directed edge from g™ to
qp, and the edge that was connecting gp to its previous parent
is discarded [lines 4-5, Alg. 4]. The cost of node gp is updated
as Cr(qp) = Cr(gp™) + wers(Ilprsqp™, lprsgp) to take into
account the new path through which it gets connected to the root

[line 6, Alg. 4].

4.1.4 Optimizing Gr. The above procedure terminates after
nbr~ iterations. Once this happens, we modify the resulting set of
edges &7, as per Algorithm 5 so that the cost of each node in Vr is
minimized [line 16, Alg. 1]. To achieve that, it suffices to rewire all
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*/S(_q;cw

Figure 3: Graphical depiction of Algorithm 4. The black
square stands for the root of the tree and the gray disks
and the blue diamond represent nodes in the set V. Black
arrows represent transitions captured by &7. The blue dia-
mond stands for the state q3°". Dashed gray arrows stand
for the edges that will be deleted from the set &7 during the
execution of Algorithm 4 (line 4, Alg. 4). Red arrows stand
for the new edges that will be added to E1 during the execu-
tion of Algorithm 4 (line 5, Alg. 4).

nodes in the graph Gr [lines 2-4, Alg. 5]. After rewiring all nodes, a
new set of edges is constructed denoted by Sk, where k =2,3,...

and 81T := &. This rewiring process is repeated until the set of
edges stops changing, i.e, until 8; = 85_1 [lines 5-8, Alg. 5]. In
this way, we minimize the cost of all nodes and, consequently, of
nodes that represent final states, as well, since ¥ C V7. Moreover,
notice that Algorithm 5 will terminate after a finite number of it-
erations, since the set Vr is finite and there is a finite number of
possible transitions among these nodes captured by the transition
rule —p.

4.1.5 Construction of Paths. After optimizing the tree structure,
we compute the path that connects each final state that belongs
to the set ¥ to the root of the tree q% [line 17-18, Alg. 1]. The
path that connects the f-th final state of the set ¥ to the root is
denoted by 7P"/ and is computed by Algorithm 6. Note that for
the computation of 7P/ in Algorithm 6 only the parent of each
node in the graph Gr is required, due to the tree structure of Gr.
Specifically, the prefix part 7P*%S is constructed by finding the
parent of a node gp € ‘Vr starting from the node that represents
the final state 7(f), until the root of the tree is reached [lines 1-
7, Alg. 6]. The parent of each node is computed by the function
parent : Vr — Vr that maps a node gp € Vr to a unique vertex
qp € Vr if (qp,qp) € E7, ie., parent(gp) = qp if (qp.qp) € E7.
By convention, we assume that pa rent(q(l),) = q%, where q?, is the
root of the tree Gr. Inline 7, I|ptspr stands for the projection of the
path pr onto the state space of PTS. Moreover, in line 4 of Algorithm
6, we assume that the last node introduced in the path pr is placed
at the first entry of p7. Thus, for the resulting prefix part 7P/ it
holds that 7P™f (1) = Tlprsq®, and P/ (|rPreS|) = Iprs F(f).

Notice that the computational complexity of constructing the
prefix part tPref is O(|Vr|). On the other hand, if the PBA was
represented by a graph G = {V, E} of arbitrary structure, then the
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Algorithm 2: Function Sample(Qy, ..., QN)

1 gps =L 1;
2 fori=1:1:Ndo

3 Pick a state g; from the set Q; according to probability

distribution f;
4 | gpys = lgprs-ails
5 return qz;g" ;

Algorithm 3: Function Extend(qp™")

1 Collect in set S—»ql‘;"w all states gp € Vr that abide by the
following transition rule: (gp, gp™") €—p;
2 if S, grew # 0 then

prev _

3
P
argming, s wew [C1(qp) + wers(llersqp, Ilprsgp)l:

Vp = Vr U {g2V);

&r=&ru{lgp ap™)k

Cr(qp") = Cr(gqp) + wers(Ilprsgp, Llprsqp™);
return Vr, &1, Cr;

NS g e

Algorithm 4: Function Rewire(q‘ﬁew, Yr,Er,Cr)

1 Collect in set qugew all states of gp € Vr that abide by the

following transition rule: (g™, gp) €—p;

2 for qp € qur;)ew do

3 | if Cr(qp) > Cr(qp™) + wers(lprsq™, lprsqp) then
4 &r = &7 \ {(Parent(qp), qr)};

5 Er =&r U{(gp™.qp)}s

6 Cr(gp) = Cr(gp™) + wers(lpTsqp ™, LlpTsqp);
7 return &1, CT;

Algorithm 5: Function OptimizeTree(Gr)
1 8L =8r;
2 for gp € Vr do

3 ‘ [8%,07] = Rewi re(fVT,SlT,CT);

4 k=2

5 while 8% * 8?‘1 do

6 for qp € Vr do

7 ‘ [8§+1,CT] = Rewire(qp,(VT,cS%,CT);
8 k=k+1;

9 return &t = 8;‘.;

computational complexity of the Dijkstra algorithm to find the path
rPref that connects the state 7 ( f) to the root with the minimum
cost is O(|E| + |V |log(|'V])), where |E] + |V ]|log(|V]) > |V].

4.2 Construction of Suffix Parts

The construction of the suffix parts is presented in Algorithm 7.
The goal of this Algorithm is to find a sequence of states, denoted

Algorithm 6: Function FindPath(Gr, qiﬁitial, q%oal)

1
1pr={¢5" h
goal).

rev
2 qg = zarent(qp 1
- rev initia
3 whileg, " #g¢ P ey do
4 pr=prV {qp |8
5 q%rev = Parent(qpprev);
6 pr =pr U {giritiel);
7 pr = Ilprspr;
8 return pr;

F(f) e Qr

Figure 4: Graphical depiction of detecting cycles around a
final state 7 (f) (black square) which acts as the root of the
tree. The red diamond stands for a state gp € Sy. Solid red
arrows stand for the path that connects the state gp € Sy to
the root 7 (f). The dashed red arrow implies that a transition
from gp to 7(f) is feasible according to the transition rule
—>p; however, such a transition is not included in the set E1.
The cycle around the final state 7(f) is illustrated by solid
and dashed red arrows.

by Tl.suf’f , in Qp that starts from state F(f) and ends at the same
state F(f), i.e., a cycle around state 7 (f), where any two consec-

utive states in Tisuﬁf respect the transition rule —p, for all f =
{1,...,|F1}. For this purpose, we build a tree Gr = {Vr,E1,Cr}
that approximates the PBA P, in a similar way as in Section 4.1
which combined with a cycle-detection method results in construc-

. suf, f
tionof 7,7 .
In Algorithm 7, for a given final state #(f), which comes from
the execution of Algorithm 1, the tree initially consists only of
the state 7 (f), which by convention has zero cost [lines 2-4, Alg.
7]. Also, given a final state (f), we define the set Sy = {qp €
Vrl|(gp, F(f)) e—p} that contains all nodes that currently exist
in the set V7 from which a transition to the state F(f) is feasible.
This set is initialized as Sy = 0 [line 5, Alg. 7]. Once the tree is
initialized, we check if we can add the final state F(f) to the set
Sf [line 6, Alg. 7]. If this is the case, then we update the set Sf
accordingly [line 19, Alg. 7] and we terminate the construction of
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the tree. Otherwise, we continue building the tree Gr [lines 7-17,
Alg. 7], exactly as we did for the construction of the prefix part in
Algorithm 1. When a new node ¢°" is added to the set Vr, we
check if a transition from g™ to F(f) is feasible according to the
transition rule —p [line 15, Alg. 7]. If so, we add the state ¢p°" to
the set S¢. In other words, a cycle around a final state (f) can be
constructed by computing the path in the graph Gr that starts from
the root () of the tree, ends at a state gp € Vr NSy followed by
the state 7 (f); see Figure 4. In general, since there may be more
than one states in S, there will be multiple possible cycles around
a final state ¥ (f); specifically, there will be |S¢| cycles around
F(f).

Next, we optimize the structure of the tree by modifying the set
of edges &Er, as we did in Algorithm 1 [line 20, Alg. 7]. Given the
optimized tree structure, among all detected cycles around ¥ (f),
we pick the optimal cycle for all f € {1,...,|F|} [lines 22-26, Alg.
7]. For this purpose, given a final state ¥(f), if Sy # 0, first we
find all possible cycles around the state #(f) projected onto the
state-space of the PTS [lines 22-24, Alg. 7]. Among them we pick
the one that has the minimum cost, in terms of the cost function
(1) [lines 25-26, Alg. 7]. The resulting cycle around state F(f) is
denoted by rUEf

4.3 Construction of Optimal Discrete Plan

By construction, any motion plan r/ = tP*&f 46 ®  with Sp#
0, f € {1,...,|F|} satisfies the global LTL specification ¢. The
cost J(zf) of each plan tf is defined in (2). Among all the motion
plans 77 |= ¢, our proposed method returns the solution of Problem

1 with the smallest cost ](Tf) denoted by 7, ie., 7 = Tf*, where
fi= argminf](rf).

5 CORRECTNESS AND OPTIMALITY

In this section we provide results pertaining to probabilistic com-
pleteness and optimality of the proposed algorithm. First, some
preliminary notations are given, followed by the completeness prop-
erty of the proposed algorithm. Let G} = {V[,E%,C1} denote
the tree that has been constructed by either Algorithm 1 or Al-
gorithm 7 at the n-th iteration. Also, let Xy, C Qp denote the
goal region. Specifically, for Algorithms 1 and 7, the goal region
is defined as Xyoa1 = {qp € Qplgp € Qg} and Xgoa1 = {qp €
Qpl(gp. F(f)) €—p.forallf € {1,2,...,|F|}}, respectively.?

THEOREM 5.1 (PROBABILISTIC COMPLETENESS). If there exists a
solution for Problem 1, then the proposed algorithm in Section 4.3 is
probabilistically complete, i.e., it will find with probability 1 a motion
plan T that satisfies the LTL specification ¢.

Proor. The proof can be found in Appendix A. O

Next, we examine the optimality of the resulting motion plan ¢
constructed in Section 4.3.

THEOREM 5.2 (AsYMPTOTIC OPTIMALITY). The algorithm described
in Section 4.3 to construct a motion plan that satisfies a given global

“4Recall that during the execution of Algorithms 1 and 7, the states that belong to
the set of nodes Vr and to the goal region X, are collected in the sets F and Sy,
respectively.
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Algorithm 7: Construction of suffix parts.

Input: Set of final states ¥, transition system wTS;, for all

robots i, NBA B, maximum number of iterations n¥if.

Output: Suffix Parts 756/

1forf=1:1:|F|do

2 Vr =7(f);

3 Er=0;

4 | Cr(F(f)=0;

5 S =0;

6 | if (F(f),F(f)) ¢—p then

7 fornzl:liniz{xdo

3 qg,er‘g’ = Sample(Q,...,QN);

9 forb=1:|Qg| do

10 qg" = Qp(b);

11 ap" = (aprs- a5 ):

12 if gp™ ¢ Vr then

13 [Vr, &r,Cr] = Extend(gp™, —p);
14 if ql';ew € Vr then

15 if (qp°™", F(f)) €—p then
16 ‘ Sf = Sf U {q;ew};

17 [Er.Cr] =

Rewire(qp®™, Vr, Er,Cr);

18 else

19 ‘ Sy ={F (N}
20 E1 = OptimizeTree(Gr);
21 for f=1:1:|F]|do
22 if Sf # () then
23 fore=1: |Sf|d0
24 | #ube = FindPath(Gr. Sr(e). F(f)):
25 e* = argmine](fsuf’e);
26 A

LTL specification ¢ is asymptotically optimal, i.e., the discrete motion

Su;

f

plan t"'7% that is generated by this algorithm satisfies
n

pre
. nsuf *
P lim J@ ) =T ] =1 4
pre suf MNonax

max
Ninax =00, Nypgx—
suf

where ] is a cost function, J* is the optimal cost, and nj,),fzx and Npgy
are the maximum number of iterations for Algorithms 1 and 7, re-
spectively.

Proor. The proof can be found in Appendix B. O
Using Theorem 5.2, we have the following result.

COROLLARY 5.3. Given the trees constructed by Algorithms 1 and 7

f

within nl,),fzx and n,? _iterations, respectively, the proposed algorithm
will find the best possible plan T in terms of the cost function (2).

6 SIMULATION RESULTS

In this section, we present two case studies, implemented using
MATLAB R2015b, that illustrate the efficiency and scalability of
the proposed algorithm. The first case study pertains to a motion
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planning problem with a PBA that has 1,073,741,824 states. Re-
call that the state-space of the PBA defined in Definition 3.3 has
Hfil |Qi||@Qp| states. This problem cannot be solved by either the
off-the-shelf model checker PRISM or the work in [10]. Specifi-
cally, our implementation of [10] failed to provide a motion plan
for the considered case study due to the large state-space of the
resulting PBA. A direct comparison with [18] cannot be made, since
in that work samples for the robot positions are drawn from the
continuous space, which is not the case here. Note, however, that
in [18], the size of the regions that observe the atomic propositions
affects the number of samples required for the construction of an
expressive enough transition system that can generate a motion
plan. Therefore, for small regions, more samples are needed and
the state space of the resulting PBA may be too large to manipulate
in practice. This issue becomes more pronounced, as the size of the
NBA increases. On the other hand, our algorithm scales well to
very large problems since it avoids the construction of the PBA and
the application of graph search methods to find optimal motion
plans altogether. The proposed tree-based approximation of the
PBA requires much fewer resources to store and motion plans can
be found easily by tracing the sequence of parent nodes from the
leaves back to the root. In the second case study, we consider a
motion planning problem with a PBA that has 5,103 states. This
state-space is small enough to manipulate and construct an optimal
plan using the standard method described in Section 3. In this
simulation study, we examine the performance of the proposed
algorithm in terms of runtime and optimality.

6.1 Case StudyI

In the first simulation study, we consider a network of N = 9 robots
residing in a workspace with W = 8 regions of interest. Mobility
of each robot in this workspace is captured by a transition system
which has |Q;| = 8 states, as shown in Figure 5(a). The collabora-
tive task that is assigned to the robots describes an intermittent
connectivity problem, that was defined in our previous work [9].
In this problem setting, robots move along the edges of a mobility
graph and communicate only when they meet at the vertices of
this graph, giving rise to a dynamic communication network. This
communication network is intermittently connected if communi-
cation occurs at the vertices of the mobility graph infinitely often.
Such an intermittent connectivity requirement can be captured by
a global LTL formula. In particular, in this simulation study we

consider the following global LTL specification: ¢ = [DO(JTf A

A B Axl A A B0 Al AZI A DO (R A
2 A B A DA OO A xl)] A= A 2l U,
In this LTL formula, O, ¢, and U stand for the temporal operators
‘always’, ‘eventually’, and ‘until’ respectively, and A and — repre-
sent the Boolean conjunction and negation operator. In words, the
considered LTL-based task in requires (a) robots 1 and 2 to meet at
location {5 infinitely often, (b) robots 2, 3 and 4 to meet at location
{7, infinitely often, (c) robots 4, 5, and 6 to meet at location {7,
infinitely often, (d) robots 6 and 7 to meet at location g infinitely
often, and (e) robots 7 and 8 to meet at location ¢4, infinitely of-
ten, (f) robots 8 and 9 to meet at location ¢3, infinitely often, and
(g) robots 1 and 2 to never meet at location {5 until robot 1 visits
location ¢7 to collect some available information. The considered
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(a) WTS; for Simulation Study I (b) wTS; for Simulation Study II

Figure 5: Graphical depiction of the transition systems wTS;,
for all robots i used in simulation study I (Figure 5(a)) and II
(Figure 5(b)). Black disks represent the states of wIS; and
red edges stand for feasible transitions among the states.

LTL formula corresponds to a NBA with |Qp| = 8 states.” Notice
that the resulting NBA has only one final state, i.e., the PBA has
|Qprs| x 1 = 8% = 134, 217, 728 final states (either reachable or not).

Algorithms 1 and 7 were both run until a final state and cycle
around it are detected, respectively. Algorithm 1 run for 14482
iterations and a tree graph Gt with |['Vr| = 38072 nodes was con-
structed, where one of these nodes corresponded to a final state,
ie., |F| = 1. For the storage of this tree structure 1.59 Mb were
utilized. Next, we optimized the tree graph as per Algorithm 5 and
then the prefix part tP*! was constructed. Notice in Figure 6 that
the cost of the prefix part Pref or equivalently, the cost Cr(F(1))
is non-increasing over iterations k of Algorithm 5, as expected by
construction of this algorithm and by Corollary 5.3. Figure 7(a)
depicts the number of rejected states with respect to iterations n of
Algorithm 1.

435 . :
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390 s s s s s s s s
1 2 3 4 5 6 7 8 9 10

Figure 6: Simulation Study I: Evolution of the costs J(zP™®!)
and J(r5*£1) over iterations k of Algorithm 5 that optimizes
the resulting tree structures.

5The translation of the LTL formula to a NBA was made by the tool developed in [6].
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(b) Simulation Study II

Figure 7: Graphical depiction of the number of rejected
states per iteration after running Algorithm 1 for 21000 and
3072 iterations for simulation studies I and II. The result-
ing trees have 80124 and 3503 nodes, respectively. Red di-
amonds represent the number of rejected states at each iter-
ation. Blue dashed line shows the first iteration at which a
final state was detected. At iteration n of Algorithm 1, a state
sampled from Qprs is taken. Given this state, |Qp| states
that belong to Qp are created. Consequently, at iteration n
at most |Qp| states can be rejected or accepted.

Next the construction of the suffix part follows. Algorithm 7 ran
for 15938 iterations and constructed a tree graph with |Vr| = 37419
nodes, with |Sg| = 1. For the storage of this tree structure 1.49
Mb were utilized. After optimizing the tree graph, the suffix part
5t 1 \was designed. In Figure 6 the evolution of the cost J(r5'1)
during the execution of Algorithm 5 is depicted, which decreases
as predicted by Corollary 5.3. The total cost of the resulting motion
plan 71 = rPre1[rsub11@ that satisfies the considered LTL task is
JY) = J(zPrel)y + j(rsuh1) = 408.0712 + 394.3007 = 802.3719
meters.

Algorithm 1 detected a final state within 2.5 hours [lines 1-15, Alg.
1], the resulting tree structure was optimized within 7 hours [line 16,
Alg. 1], and then the optimal prefix 7P™! was constructed in 0.017
seconds. Similar runtimes were observed for the construction of
the respective suffix part 7561 Notice that the off-the-shelf model
checker PRISM could not generate a motion plan for this simulation
scenario. Specifically, PRISM could generate a motion plan only
when we considered 6 robots and a smaller part of the considered
LTL formula, which was ¢ = [D<>(7rf5 A 7r2[5)] A [I:l()(;rf1 A 7r3[‘ A
) A B0l A 7l A 2] A Do A 2l*)]. In this case,
the size the state-space of the PBA was |Qp| = 10,485,760. On
the other hand, notice that in the latter case, PRISM finished the
model-checking process faster than our proposed algorithm, and
specifically, in 1.5 minutes.

6.2 Case Study II

In the second simulation study, we consider a network of N = 3
robots, where mobility of each robot is captured by the transition
system depicted in Figure 5(b), which has |Q;| = 9 states, for all
robots i. The assigned task is expressed in the following temporal
logic formula: ¢ = D0 (x/ Az A=) A(=pSrUpEY A (o)A
(DOJTZ[Z) where the respective NBA has |Qp| = 7 states and one of
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Figure 8: Simulation Study II: Evolution of the cost J(z) of
the resulting optimal motion plan 7 for various maximum
numbers of iterations for Algorithms 1 and 7. The time re-
quired for the construction of the optimal prefix and suffix
part along with the number of detected final states for each
case are included in the gray colored box. The red line stands
for the optimal cost J* = 12.

them is a final state. In words, this LTL-based task requires (a) robots
1 and 2 to visit locations {4 and {4, respectively, simultaneously and
infinitely often, (b) robot 1 to always avoid location {7, (c) robot
2 to avoid location ¢4 until robot 3 visits location ¢4, (d) robot 3
to visit location {7 eventually, and (e) robot 2 to visit location ¢,
infinitely often. In this simulation study, the state space of the PBA
consists of Hﬁ\il |Qi||@p| = 5,103 states which is small enough in
order to compute the optimal plan, using the method described in
Section 3. The cost of the optimal plan that satisfies the considered
LTL formula is J* = 12 meters.

Initially, Algorithms 1 and 7 were run until a final state and a
cycle around it are detected, respectively. Algorithm 1 found a final
state after 152 iterations corresponding to 7.5 seconds and Algo-
rithm 7 detected a cycle around this final state after 36 iterations
corresponding to 0.31 seconds. PRISM verified that there exists a
motion plan that satisfies the considered LTL formula in 2.1 seconds.
The cost of the resulting plan 77 is J(r!) = J(rP*®1!) + J(rsuE) =
12 4+ 12 = 24 meters. Observe in Figure 8 that as we increase the
number of iterations that Algorithms 1 and 7 run, the cost of the
resulting plans decreases, as expected due to Theorem 5.2. The
number of detected final states and runtime for each case are also
depicted in the same figure. Figure 7(b) depicts the number of
rejected states with respect to the iterations n of Algorithm 1.

7 CONCLUSION

In this paper we proposed a sampling-based control synthesis algo-
rithm for multi-robot systems under global linear temporal logic
(LTL) formulas. Robot mobility in the workspace was captured by
transition systems whose states represented regions of the environ-
ment that satisfy atomic propositions. Existing approaches rely on
graph search methods applied to a synchronous product automa-
ton constructed among all agents, which are intractable and scale
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poorly with the number of robots. In this paper, we proposed a new
sampling-based algorithm to build incrementally trees that approx-
imated the state-space and transitions of the synchronous product
automaton increasing in this way significantly scalability of our
method compared to existing model-checking approaches. More-
over, we showed that the proposed algorithm is probabilistically
complete and asymptotically optimal. Simulation studies showed
that the proposed approach can be used to model-check product au-
tomata with billions of states, which was impossible using currently
available methods. Finally, although the proposed sampling-based
model checking algorithm was presented for robotic path planning
problems, it can be employed for any LTL-based control synthesis
problem, as e.g., in traffic network control [15].
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A PROOF OF THEOREM 5.1

To show this result, it suffices to show that for Algorithms 1 and 7
it holds that

lim P ({q/; N Xgoal @}) -1, )

where P(-) stands for the probability of an event. Let S" be a set
that collects all states of P that do not belong to the set of nodes V.,
ie,S" =@Qp\ VI Let P"(qp™) denote the probability that the
state g™ € 8" will be the next sample, which can equivalently
be written as:
—=n
P'(gp ) =1-P (gp™) (6)

where I@n(qr}iew) denotes the probability that the state g™ € 3"

new

") can be written

will not be the next sample. The probability P" (q
in the following equivalent form:

—=hn
P = )
areS \ (g™}
Combining equations (6) and (7), we get
PUgp)=1- )
areS"\{gp™}

Notice that as more samples are taken, i.e., asn — oo, the cardinality
of the set S \ {g5"™} goes to zero, which implies that

Jim o
qreS \{qp™}
Combining equations (8) and (9), we conclude that for the se-
quence {P"(qp"")},_; it holds that limp—c P"(qp™) = 1, which

implies that any state g™ € S" will eventually be sampled with
probability 1, as n — co. Moreover, since the cardinality of the

P*(gp). (7)

P"(qp). ®)

P*(qp) = 0. ©)

set S\ {gp™"} goes to zero as n — oo, this implies that the set
Sqq;ew defined in Section 4.1.2 will not be empty as n — oo, if

new
P

qp" € S" will eventually be sampled and added to the set (VT"“.
Since this result holds for any reachable state in Qp, it holds for
any reachable state state in Xgo,1 C Qp, as well. Recall that since
we assume that Problem 1 has a solution, then there are reachable
states in Xgoa1 for Algorithms 1 and 7. Consequently, we have that
limp— oo PUV] N Xgoal # 0}) = 1, for Algorithms 1 and 7, which
completes the proof.

the state g™V is reachable. ¢ This means that as n — co any state

B PROOF OF THEOREM 5.2
suf

To show that (4) holds, we will show that as nbyw — oo and nS3f

oo, the whole reachable state space of the PBA will be sampled
and that every state is connected to the root of the tree through
the path that has the minimum cost. Following the same logic as
in the proof of Theorem 5.1, we conclude that as the number of
iterations n goes to infinity for Algorithms 1 and 7, the set V!
constructed by these algorithms will contain all reachable states in

Qp, e, ({limnco V7 \ R@p) = 0}) = 1, where R(@p) € Qp

—

®For non-reachable states qp" € Qp it always holds that S_, qhev = 0 and they will
never be added to V.
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is a set that collects all reachable states of Qp. In what follows, we
assume V! \ R(Qp) = 0 for the trees constructed by Algorithms 1
and 7, for a sufficiently large n and, consequently, for a sufficiently
large nhisy and nSuf |

Next, we denote by 7* = rPrex[psufx|@ the optimal motion
plan, i.e, the plan for which it holds J(z*) = J*. Notice that such
a motion plan can be generated by the existing model checking
method presented in Section 3, since this method utilizes the whole
state-space of the PBA P and all transitions among the states. In
what follows, we will show that the transitions among states that

suf, x

appear in 7P"¢* and are captured by the set of edges &7 of

the graph G constructed for the computation of the prefix and

suf ;
max — . Notice

that this is ensured to happen due to Algorithm 5 that optimizes
the tree structure and the assumption that V! \ R(Qp) = 0.
Specifically, since V' \ R(Qp) = 0 we have that all states that
appear in 7* belong to the set V., as well. Next, by construction of
the prefix part 7P ™ it holds that it connects a final state, denoted
hereafter by q£ € Qg, to the initial state q% through the shortest
path in the graph Gp defined in Section 3. Notice that since V' \
R(Qp) = 0, the final state qllg € Q; belongs to V., as well. Next,
recall that after the execution of Algorithm 5, the cost Cr(gp) of any
state gp € V! and consequently, of the state qg will be minimized.

. . re
suffix structure, respectively, if nb ., — co and n
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By definition of the cost Cr(qp), this means that the final state qg
will be connected to the root qg, through a path with the minimum
cost J. Consequently, the cost of the path that corresponds to
the prefix part constructed by Algorithm 1 that connects the final
state quJ € ¥ to the root qOP will be J(zP'®*). Following the same
logic, the cost of the respective suffix part, i.e., the cycle around the
final state qg will be J(r5U5*). Next, since the optimality criterion
for both the algorithm described in Section 3 and our proposed
algorithm is the same, defined as J(z) = J(zP™) + J (%) for a plan
T = Pre[suf]@ the resulting plan f:lf‘?*e‘f" given by our proposed

max

algorithm will coincide with 7*.
suf
Thus, we have proved that ](Tn;,‘}é"‘) =JLiEVEAR@Qp) = 0,
nmax
which is true with probability 1 if nby, — oo and nfl‘gx — oo,
Consequently, we have that

nsuf "
: max) — —
P . lim Jr ey =] =1,
nfnax —00, nrslrxlafx —00 Mmax

which completes the proof.
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